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Abstract 

In this paper, we consider the time-dependent Navier-Stokes equations in the half-space [xq, oo) x R c R^, 
with boundary data on the line x = xq assumed to be time-periodic (or stationary) with a fixed asymptotic 
velocity Uoo = (1,0) at infinity. We show that there exist (locally) unique solutions for all data satisfying 
a center- stable manifold compatibility condition in a certain class of fuctions. Furthermore, we prove that 
as X ^ oo, the vorticity decompose itself in a dominant stationary part on the parabolic scale y ~ ^/x 
and corrections of order x^2+^, while the velocity field decompose itself in a dominant stationary part 
in form of an explicit multiscale expansion on the scales y ~ a/s and y x and corrections decaying 
at least like The asymptotic fields are made of linear combinations of universal functions with 

coefficients depending mildly on the boundary data. The asymptotic expansion for the component parallel 
to Uoo contains 'non-trivial' terms in the parabolic scale with amplitude ln(x)x^^ and x^^ . To first order, 
our results also imply that time-periodic wakes behave like stationary ones as x — > oo. 

The class of functions used to prove these results is 'natural' in the sense that the well known 'Phys- 
ically Reasonable' (in the sense of Finn & Smith) stationary solutions of the Navier-Stokes equations 
around an obstacle fall into that class if the half-space extends in the downstream direction and the bound- 
ary (x = Xq) is sufficiently far downstream. In that case, the coefficients appearing in the asymptotics can 
be linearly related to the net force acting on the obstacle. In particular, the asymptotic description holds 
for 'Physically Reasonable' stationary solutions in exterior domains, without restrictions on the size of the 
drag acting on the obstacle. To our knowledge, it is the first time that estimates uncovering the ln(x)x~^ 
correction are proved in this setting. 



1 Introduction 

In this paper, we consider the time-dependent Navier-Stokes equations' 

dtVi + u ■ Vu = — Au — Vp 
Re 



V-u = 

u(x,i:)|^=^o = Ub(?/,t) 

lim u(x, t) = \x^= ( "f" 

x^oo \ U 



in the half-space Vt^ = [xq, oo) x R. We will restrict ourselves to the time-periodic setting, i.e. Ubiy, t) = 
J2nez ^^"'^^Uf, „(?/), with basic frequency (Strouhal number) r and U;, G /^(Z, B) for some functional space 
B to be defined later on. Note that with appropriate scalings, we can set without loss of generality |Uo 
Moo = 1 and Re = 1. The scale of the Reynolds number then translates to the scale of U;,. 



■•oo 



'Vectors are denoted by boldface letters, generic positions in the physical space are denoted either by x or by (x, y). 
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We consider this problem as a simplified version of the 'usual' exterior problem around an obstacle 

dtu + u ■ Vu = — Au — Vp 
Re 

V-u = 

u(x,t)\an = ^^-^^ 
lim u(x, t) = Uoo = 



in R^\r2, where dil, the obstacle, is compact and connected. Getting rid of the obstacle by considering the 
flow only in the downstream region is a brutal simplification. We hope that by capturing the main difficulty 
of (II. 2I) . (the spatial asymetry introduced by (I1.21 4'). as seen in the slow decay of vorticity as x ^ oo for 
instance), techniques used in this paper could shed a new light on the theory on the Navier-Stokes equations 
(11.21 ) which began with J. Leray's pioneering work in the 1930's (see also [7| and references therein). 

The question we address here is to give a quantitative description of the flow in the so-called 'wake 
region' which extends downwards of the obstacle (i.e. as x — oo). In previous papers ||9l [18| such a 
description has been obtained in the stationary case by assuming that the restriction of the solution of (11.21) 
on a given line x = xq ^ 1 was in a certain function class. Then it follows from [|9|il8J that as x — > cxd, 
the velocity field u and the vorticity = V x u satisfy 

u(x, 2/) = Uoo + Q j^' + 0(x-^+^o) , ooix, y) = i^,{x, y) + 0(x-i+'^") , (1.3) 

for some (/^o > 0, where 

u,{x,y) = ^/o(^) + ^(a2^?o(f) - a^9i(^)) (1.4) 

v,{x,y) = fji{^) + i(a2^7i(|) + a^QoO) (1.5) 

Wa(x,2/) = t/i(^) (1.6) 

for some a = (ai, 02, as) and 

^mg-^ „ 1 2™ 



This result was expected to hold for a long time, see e.g. [2|. It should be noted that the terms on the y ~ x 
scale are of smaller order than the stated correction order. It is however argued in IS |9l [18 1 that on the 
given scales (y ~ x or y ~ y/x) the velocity field indeed converge to its asymptotic form and furthermore 
that the upstream asymptotics (x — — 00 is given by (11.41) and (11.51) with ai = and the same coefficients 
a2 and 03 as in the downstream direction. Integration of the equations (11.21) in the domain comprised 
between the lines x = — xq ^ and x = xq ^ then implies (see e.g. Appendix II in [21]) in the limit 
Xo — > 00 that ai + 2a2 = (mass conservation), and that the force F acting on the obstacle is given by 

2«2 A , f ^^r, _ ^drag 



In other words, for stationary flows, this shows that 02 resp. 03 are linearly related to the drag resp. lift 
acting on the obstacle, see also 0111 [THI for more physical interpretations. 
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For completeness, we note that (1 1.41) and (11.51) can be easily derived heuristically in the two following 
steps. We first note that the field (tta, ^a) with ai = would be a solution of the Navier-Stokes equations 
(11.11) or (11.21) (for an appropriate pressure) but for the boundary conditions. And then, as we may expect 
d^uj -C dxUJ as X oo, the vorticity satisfies (to first order) dxOJ = dyUJ whose solutions corresponding 
to decaying velocity fields behave asymptotically like (11.61) . It is then easy to see using uj ^ —dyU and 
dyV = —dxU that the corresponding velocity fields are as stated in (11.41) and (11.51) . 

Unfortunately, the function class used in a first attempt to give a rigorous foundation to these heuristics 
in ||9l UHl is rather unorthodox and the question wether the (restriction of) solutions of (11.21) were in this 
class was completely left open. 

On the other hand, it is well known from experiences and numerical simulations that stationary solu- 
tions of (11.21 ) in exterior domains are only stable at low Reynolds numbers, and it is commonly believed 
(see e.g. ||51 [TH [T^ |T71|) that at a (first) critical Reynolds number, the stationary flow loses its stabil- 
ity through a Hopf bifurcation and becomes time-periodic before eventually leading for larger Reynolds 
number to von Karman's vortex street and then to turbulence. 

In this paper, we will give a more detailed asymptotic description than (II. 31) . as we will prove that in 
both the stationary and time-periodic case, the solutions of (11.11) satisfy 

g 

vi{x,y,t) = + iyf'^^^ + ' ^(^'2/) = ^a(t)(x,2/) + 0(x-i+^») , (1.8) 

uniformly in time, where < ipo < ^, a(t) = (ai, a2(t), a^it), 04, 05, Og) for some constants ai, 04, 05 and 
and time periodic functions 02 and a^, uj^ is as above and 

«aw(x, y) = ^foi^) - 2^ (a^hi^) + (ae ln(x) + a4)/i(^)) + ^ (a2(%o(f ) - as(t)g,(^)^ 
v,itM, y) = fjii^) + I (a2(t)<?i(|) + a^{t)goO) 
where 

/-(^) = '^' 9m{z)='-£^,, h(z) = fo(zf + ^zcrfil)e-'r. 

By the use of functional spaces more adapted than in |l9l[THI, we will prove that existing results on (11.21) 
implies that (11.81) also holds for (11.21) . This rigorous link between (11.11) and (11.21) will only be estabished 
for the stationary case, as this case has been widely studied in the litterature (see e.g. [7|). Though we 
believe it should also hold just after the Hopf bifurcation, we are not aware of any rigorous treatment of 
the exterior periodic problem in 2D (see [ 15| for some rigorous work on the 3D case). 

In analogy with the stationary case, we may also expect that for the solution of (11.21) . the asymptotic 
velocity field upstream {x —00) is given by (11.91) with = and the same coefficients 

a2{t) and a^it) than in the downstream direction. If this holds, then integrating V ■ u = and = V x u 
in the domain comprised between x = —xq <^ and x = a;o ^ 0, we get (letting xq 00) a2{t) = — |ai 
and a3(t) = /j{2\q "^(x) dx. As this last quantity (the total vorticity) is preserved by (II. 21) . we see that 
02 (t) and 03 (t) are in fact constant in time^. This implies that to the order given by (11.81 ). time-periodic 

-Note that it would be wrong to conclude that the drag and lift are constant in time from the fact that 02 and 03 are constant, 
as the volume integral of dfU in il.H will generically no longer be zero for time-periodic flows. This is in agreement with 
results of numerical simulations, see e.g. II10II12I . 
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wakes cannot be distinguished from stationary ones, though the actual value of the coefficients will differ 
from the to case. Without rigorous proof that the upstream asymptotics are as expected, we consider these 
physical interpretations as conjectural ones. 

We end this section by noting that asymptotical results like (11.31) have been successfully used in nu- 
merical simulations of the stationary Navier-Stokes equations (11.21) in exterior domains, see ll20ll2T1l . In 
particular, in fixed simulations domains, it allows to compute drag and lift coefficients with better accuracy 
than usual methods, while for fixed accuracy, smaller simulations domains can be used, thereby reducing 
significantly the CPU time needed for these computations. It is our hope that (11.81) could also be of such 
use in the time-periodic setting. 

1.1 Reformulation of the problem 

As in lISlIlHI, the starting point of the analysis is to write (11.11) as a dynamical system where x plays the 
role of time. To do so, we write u = Uoo + v where v = {u, v) and introduce the vorticity cu = dxV — dyU 
and its derivative w.r.t. x as ?7 = dxUJ- Since the boundary data is assumed to be time-periodic, it is natural 
to assume that there is also a (discrete) Fourier decomposition of the various fields (this corresponds to the 
so-called global mode behavior, see also in31fWt.22.n given by 

M(x,?/,t) = ^e*''^* M„(x,?/) , v{x,y,t) 

neZ 

ujix, y,t) = ^ e*"^* Unix, y) , r]ix, y, t) 

neZ 

In terms of this decomposition, the n-th Fourier coefficient of (11.11 ) read (see also |9|) 

dxUJ = 7] 

dxV = V — d^uj + iriToj + q 
dxV = dyU + oj , 

with q = udxUJ + vdyUJ, and where we dropped the n indices on the fields for concision. Namely, the third 
equation in (11.1 II) is the incompressibility relation V ■ u = 0, the last one is the definition of the vorticity, 
while substituting the first one in the second, one recovers the 'dynamical' part of (11.11) . We note here 
that using the incompressibility relation dxU = —dyV and the definition of the vorticity, we may cast the 
nonlinearity q in the following equivalent form 

q = dxiuuj) + dyivu) = dx{P) + dy{Q) . 

We also note that using dxU = —dyV and defining R = uv, S = \{v'^ — v^), we have the decompositions 

p = uuj = dxR + dyS , Q = vuj = -dyR + dxS and q = {dl + d'^)R + 2Q . 

We interpret (11.1 II) as a new dynamical system where the space variable x plays the role of time (the x 
derivatives on the r.h.s. of dl.l II) can be eliminated using rj — P instead of rj as auxiliary field). 

Using Duhamel's variation of constants formula, we can cast dl.lll) in an integral form, whose structure 
(omitting also the time argument for concision) is given by 



5Je'"^*T;„(x,i/), 
nez 



(1.10) 



n6Z 



U{x) = Ki(x — Xq)CuW + Kq{x — Xq)v + J^i^uix) + ^2,u{x) + CiS{x) — C2R{x) , (1-12) 
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v(x) = Ki(x — xo)CvW + Ko(x — xo)fi + J^i,v(x) + J^2,vix) — CiR(x) — C2S{x) , (1.13) 
uj{x) = Ki(x - Xo)w + J^iAx) + J^2,ujix) . (1.14) 

The derivation of this integral formulation for the solution of (11.11) is given in Section|2l as well as precise 
definitions of the different expressions. The terms involving the kernels Kq and Ki depend on uj and v, 
which are functions defined on the boundary x = xq, while fi is given by the Hilbert transform /i = Tiu on 
the boundary (in particular, jj, is not an independent quantity). The !F terms depend on the values of P and 
Q on [xo, oo) X R and do not vanish on the boundary x = xq. Thus the integral formulation above does 
not satisfy the boundary condition u(xo, y, t) = Ub(y, t), unless for specific choices of u and w, but then 
the boundary condition for the vorticity cannot be satisfied. This is related to the fact that the equation 
dl.ll) with a boundary condition for the vorticity, the velocity and the pressure is ill-posed. The boundary 
values on X = Xq thus have to be taken on the so-called central- stable manifold. As we will explain in 
section|7l the parametrization of that manifold by the functions w and z/ is a convenient one. 

We will give precise statements of our main results in subsection 11.31 below after the definition of 
some functional spaces and related norms. On an informal level, our results are twofold. We will use the 
integral formulation (I1.12I) - (I1.14I) to prove that if to and u are in a certain class Cj, there exist a (locally) 
unique solution of (11.11) in the Banach space W defined in the next section. We will then show that 
the asymptotic structure of these solutions is indeed given by (11.81) with (^q > 0. On the other hand, 
time-periodic solutions of (11.21) must satisfy (11.11) for all xq sufficiently large. We will then show that for 
solutions of (11.21) in a certain class C„, the jF's are well defined, and thus solutions of ( 11.21) in Cu must also 
satisfy (I1.12I) -( I1.14I) for certain functions w and u. As Kq(0) = Ki(0) = 1, the functions w and u can be 
determined by inverting any two of the three (linear and local) relations ( I1.12I) -( I1.14I) at x = Xq, the third 
relation, which correspond to the central- stable manifold condition in the dynamical system formulation 
dl.l II) . is then automatically satisfied since we know that the solution exist. We will then show that the 
functions w and u obtained in this way are in the class Cj, which finally implies that solutions of ( 11.21) in 
Cu also satisfy (11.31 ) with ipQ > 0. 

1.2 Definitions 

To state our main result, we need some definitions. We first give the topology we will use to control the 
decompositions dl.lOl) . Let 1 < p < oo, and /(x, y, t) = ^^az ^^^^^fn{x, y) for (x, y, t) G [xq, oo) x R x 
[0, Let (x) = v^TTx^, we define 



supll/IU,,,., ||/||,,,,, = (xn|/(x)||,= (xr5^( dy\U(x,y)\A~' 

sup \\f\\x,oo,a , ||/|U,oo,a = (x)" \\ f ix)\\ oo = (x)"" ^ CSS SUp | /„(x, ?/) | , 

x>xo y"^^ 
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P,W,^2} = sup(x) '''x''^ 1 1 /(x) 1 1 LP , ||/(a;)||LP = sup ( / dy \fn(x,y)\P)'' , 

x>0 neZ V JR ^ 

oo,{ai,,T2} = sup(x)"''^x''2||/(x)||loo , ||/(a;)||L- = supess sup |/„(x, y)] , 

a;>0 neZ yeR 

where we use the notation ||/(x)||p as a shorthand to the more rigorous ||/(x, Ollp. We will refer to V and 
Vq as the projection operators on Fourier series defined by 

neZ neZ,n.^O nSZ 
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as well as the operators J (the 'primitive'), S (the symmetrization) and Ai (the 'mean value') defined by 

rv f(z) f(z) f 

(If)(y) = j dz^- j dz^, (Sf)(y) = fiy) + f(-y) , Mif) = fiy)dy . (1.15) 

Note that I is the inverse of dy (when it is defined). We can now specify our basic functional space 

Definition 1.1 Let = {{(«„, Vn, i^n)}nez s.t. (Un, fn, i^n) £ C^iixo, oo) X R, R^) Vn G Z}. We de- 
note by W the Banach space obtained by closure ofC^ under the norm 

||(v,w)|| = sup ||(v,o;)||^ 



||(v,^)||^ = 1 + 1 1 + ||(9yu|| i_ 1 

+ \\v\\x,00,l-^ + ||t^L,p,l_^_l + \\dyV\\^^^^2_l__l. 

+ II^L,2,| + ll|y|^^IL,2,|-§ + ll^y^L,oo,| + \\dyUj\Uxi ■ 

This choice is discussed at the end of this section. Note at this point that the 'expected' asymptotic 
decomposition ( 11.31) is in W if p > 1. We now specify the class of solutions of ( 11.21) for which our results 
can be applied: 

Definition 1.2 A solution (v, u) of M.2{ is in the class Cu if ||(v, < pfor some finite constant p and 

f</5<3, l-i<v?<i, l<P<q, r>2, ^ > ^ > r] > , 
e><^, i-f-r7>0, l-(l + i)v9>0, ^ + ^-r]-2^>0, (1.16) 
^<{xor, | + r^-^-^>0. 

The condition < (xq)'^ will be a convenient way to get bounds depending on xq only and not on 
the Strouhal number r. It should be noted that this condition is only restrictive in the limit of vanishing 
Strouhal number. This is not expected to occur for time-periodic solutions of (11.21) . if the Hopf bifurcation 
picture of |I5l[Ill[ISl[n| is correct. 

We now define the class Ci, consisting essentially of those functions w, v and p for which the part of 
r.h.s. of (I1.12I) - (I1.14I) depending on v and is in W (see Lemma ITTl 13.31 and 13.61) : 

Definition 1.3 We say that v and w are in the class Ci if Jv[(J^qw) = and ||(z/, p,, w)\\xg < pfor parame- 
ters satisfying M.lffti . 

Note that M.{Vqw) is always well defined if ||(0, 0, w)||a;o < oo since < (a^o)"^||(0,0,w)||a;(, (see 

Lemma IAJT) . In the case of symmetric flows (i.e. u even in y and v odd in y), AiiVow) = is a trivial 
consequence of the fact that w is an odd function of y (it is also expected from (11.31) or (11.81) ). Our results 
will in particulat imply that the vorticity decomposes itself in a first order part with zero mean value with 
second order corrections with generically non-zero mean value (see (11.121) ). 

We end this section by making some comments on Definition ll.il First, for the v component, we will 
need ip > 0. Namely, as we will see, the optimal decay rate for f as x — oo can only be obtained if p, e 
L^(R, dy), since the integral expression for v contains a convolution of p with Ko{x — xo, y) = -t^—ttt^- 
But (apart from symetric flows), p.{y) ~l/?/as?/— s>oo (see (11.31) ). so in general p ^ L^(R, dy). 
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The second comment is on the need of r] and ^. Basically, the problem is that dyU and dyV are naturally 
build of sum of functions on two length scales (y ~ ^/x and ?/ ~ x, see e.g. (11.91 )'). Dependence on r of 
the decay exponents as x ^ oo of L'' norms of such functions either vary like 1 / (2r) for functions on the 
shorter scale or like 1/r for functions on the longer one. Our choice of exponents are thus 'wrong' on the 
scale y X and is 'corrected' by introducing i] and ^. These additional parameters would not be needed if 
we choose r = oo, but in that case we would lose the boundedness of the Dirichlet-Neumann operator (or 
exchange operator) v Hy in W, which is needed to compare solutions of (11.11) and (11.21) (see Section 

m. 

The last comment is that if (11.161) holds, we control the nonlinearities R, S, P and Q in terms of the 
II ■ II -norm by 



\\R\L,l^^-± + \\S\L,i-± + WdyRl,!-,^^ + \\dyS\^_^_^ < C\\(y,u;)r , 

||P|L,3_^ + iiQIL,2-^_^ + l|5.i'L,2-^-, + l|5.QL,|-^-€ < c\\(y,u)r , (1.17) 

\\\y\^P\ki-§ + \\\y\'Q\\2i-^-§<c\\{^ 

for all 1 < m < oo and 1 < n < r. To establish these estimates, we used 



|2 



'2 



||cu||oo,i + ||c^||i,i < ||(v,u;)|| , (1.18) 

which follows (see Lemma IAJT) from 



1 1 



I^^IIli < C'«||u;|U ||||/|^^^||/'2 and HcuHl^^ < \/ lkl|L2||c^«t^||L2 • 



1.3 Main results 



We are now in position to state our results in a precise manner. The first one states that the topology of 
Definition 1 1.1 1 is well adapted to (11.11) : 

Theorem 1.4 I/xq is sufficiently large, then the two following statements are equivalent 

1. There exist a unique solution to (li.iD in Cu with parameters satisfying (17.761) . 

2. u and w are in the class Ci with parameters satisfying ( 17.7(51) . 
Furthermore z/El holds and additionally 

\\\yMxo)\U + ll|l/|^"^'+'^'''5v(xo)||i < C(xo, ||(v,a;)||) , 
then for all e > 0, it holds 

\\\y\-2-(^+^)'PSu\\, + ||||/|^(i+^>^5/i||i < Ci(xo,(v,a;)||) . (1.19) 
Our next result is that stationary solutions to the 'usual' exterior problem (11.21) are in the class Cu- 



Proposition 1.5 For any stationary solution of ( 17.21) "Physically Reasonable" (PR) in the sense of Finn 
and Smith (see e.g. /6, J^iSJ), the fields u, v and u satisfy ||(v, uj)\\ < C with parameters satisfying M.161 
ifxo is sufficiently large. Furthermore || |2/| 2 v(xo)||4 + || ||/| 2~(^+'^''^5v(xo)||i < 00 for all e > 0. 

From this, we conclude that (PR) solutions satisfy the integral formulation (I1.12I) - (I1.14I) : 
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Corollary 1.6 For any (PR) stationary solution of (li.2D . u and w are in the class Ci with parameters 
satisfying HIB and \\ \v\i-^^+^'>^Su\\-, + || < oo for all e> 0. 

The proof of this Corollary follows directly from Theorem II .41 Proposition II .51 and uniqueness. Once 
these results are proved, we will use the integral formulation (I1.12I )- (I1.14I ) to get the asymptotic structure 
of the solutions to (ll.ll) or (PR) solutions to M.2V . 

Corollary 1.7 Let ai = {—M.{TVqw) — VoQ{x, y) dxdy, 0, 0), then all solutions to (li.iD in satisfy 
<ll.3\) with (po = (1 + e)(p > (p. 

Note that since (p > 0, in (11.31) . the terms containing 02 and 03 are of smaller order than the remainder, 
which explains why these parameters are not specified in the Corollary. Once this Corollary is proved, we 
will be able to get the more precise asymptotic form as shows the 

Corollary 1.8 Assume that || |y|^v(a;o)||4 < 00 and || |?/|^~(i+^)'^5z/||i + || < 00, and 
let ai = —Jv[{XVqw) — j^^Vi)Q{x,y)dixdiy, a2 = AiiSu) — J^^VoQ(x,y)dxdy, = A4(Sfi) and 

ip < ipo = (1 + e)ip < |. Then there exist a constant 04 such that all solutions to il.lh in C„ C W satisfy 
Al.Sl) with a = (ai, 02, as, a^, a\, aiPoa^), in \\ ■ \\oofor u, and in \\ ■ ||oo + || • ||i + || \y\^^'^^^^^^'^ ■ \\2f0r oj. 

We conclude this section by noting that the constant ai can be expressed in the following equivalent forms: 
Remark 1.9 The constant ai is also given by the value of the following comtant function 



which is 'almost local' in x due to the exponential factors. 
1.4 Structure of the paper 

Our first task in the remainder of this paper is to establish the integral formulation (I1.12I) - (I1.14I) . This is 
done in the next section (Section |2l). The proof of Theorem 1 1.41 is then split in two parts. The proof that 
(11.191) holds is delayed until Section IT] together with the proof that[T] implies |2l The converse is given in 
SectionlH The proof of Proposition [T3] is also delayed until SectionlU Finally, the proof of Corollary [LT] 
is given in Section|51 that of CoroUarv ll.Sl in Section|^ while the proof that Remark fL^ holds is left to the 
reader as it follows very easily from the integral formulation in Fourier space given in the next section. 

2 Integral formulation 

We now derive the integral formulation (I1.12I) - (I1.14I) of the solution of (11.1 II) and (11.11) . All the material 
of this section is very similar to ^ [T8| where the case r = was treated. For completeness, we now 
reproduce some of the analysis here, encompassing the additional term proportional to the Strouhal number 



ai(x) = M{I{ VoUj{x) + / dx e'^'V^Pix) + 



MiXi Vouj(x) + / dx e"-"PoP(5) + 







r. 




Figure 1 : Dispersion relations A± as a function of wavelength k, 
with nr = in left panel, and nr = I'm right panel. 



We first note that performing a (continuous) Fourier transform^ f(k) = e*^^/(?/) leads to a system 
of the form d^z = Lz + q, with z = (a;, rj, u, v), q = (0, g, 0, 0) and 



/ 1 0\ 

P + inr 1 

ik 

\ 1 ~ik / 



As in ||9|, the matrix L can be diagonalized. Namely, define a{k) = sign(A;), Aq = a/I + 4(/c^ + inr) and 
A-t = and set z = Sy, with y = (a;+, m+, u_) and 



S(k) 



( 1 

ik 



1 

A_ 

ik 



A++mT A_+mr 
A+ A- 

A++mT A_+inr 






1 





1 



-io ia j 



then we get S^^LS = diag(A+,A_, |A;|,— |A;|) (see figure |2l for a graphical display of the dispersion 
relations A±). The real part of A+ being positive, the two equations corresponding to the '+' modes are 
linearly unstable. We thus integrate these modes backwards from x = oo, where we set them to (see 
also [18 1). We then get 



uj+(x) = — I dx 

LJ_(x) 



-q{x) 



Ao 



X gA_(a;-x) 



Uj^{x) = — - / dx 



^\k\(x-x) 

ik — nra 



An 



q(x) 



-q(x) 



^we distinguish functions and their Fourier transform only from their arguments 'k\ resp. in Fourier resp. direct space. 
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1 Q-\k\(x-x) 

u-(x, k) = e"l^l^''"''°^£to + - dx q(x) 

2 ik + nra 



for some functions coo and uq to be specified. Integrating by parts the integrals involving dxP in uj±, 
replacing q = (d^ + dy)R + 2dyQ in u± and integrating twice by parts the term involving d^R, we find 

ujj^{x) = — / dx — q+{x) 



-^0 Jx ^0 

P(r^ pA-(x-x) 

uj.(x) = e^-<"-"°>«; - -p - dx 

^0 Jxn ^0 



P(x) + ikS{x) + \k\R{x) ike\^\(^-^) 

u+{x) = — + / dx Q(x) 

2{ik — nra) tk — nra 

2(ik + nra) ik + nra 

where g± = A±P - ikQ, u(k) = Mk) - ^^"""^^aSSraf '^^"""^ ^nd w(A;) = cDo(A;) + For convenience, 
we also introduce fj.{k) = iau{k). Then, a little algebra shows that when reconstructing to, u and v, the 
terms involving P(x) cancel out exactly, giving 

rx K_{x—x) rco ^A^(x—x) 

uj(x) = e'^-^^-^^^w - dx q-(x) - di g+(x) (2.1) 

Jxn ^0 Jx ^0 



= ^ ^ + e ' + ^-^ — ' ^ 

A_ + znr /e"' + {nry 

ik r e^-(^-*) ik e^+(^-^> 

- — dx : q-(x) - — dx : — q+(x) 

Aq A_ + iriT Ao A' A+ + «nr 

^t.p-\k\(x-x) fOD -u \k\ix-x) 

- dx '-^ Q(x) + / dx Q(x) (2.2) 

+ nrcr Jx tk — nra 

A_e^-("-"°) -lfcl(x-xn) A;2p(x) + |fc|nr^(x) 

^^^^ = -ir—- — ^ + ^ ^ , 2 ^ \2 

A_ + tnr k'^ + (nr)^ 

^ rx ^A-(x-x) ^ /"oo gA+(a;-£) 

— — dx : — g_(x) — -i /dx- : — g+(x) 

Jxo A~ + ^'^^ ^0 Jx + 2nr 



+ /dx^^ Q(x)+ /dx^ Q(x). (2.3) 



Using inverse Fourier transform, we get (I1.12I) - (I1.14I) where the operator Ki{x) is the convolution operator 
with the inverse Fourier transform of Ki{x, k) = e^"^, Ko{x) is the convolution operator with Kq{x, y) = 
i^^F' ^^"^^ °^ symbols, Ci = -gi^^, C2 = wtS^' = + ^nryHk, = 

(A_ + mr)"^A_, and 

:Fi,M = [dx Ki,i,^(x - x)P(x) + iri,2,a;(x - x)Qix) (2.4) 

/■oo 

^2,a;(a;) = dx K2^i,^{x - x)P(x) + K2,2,uj{x - x)Q(x) (2.5) 
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with similar definitions for jFi „, JF2 „, J^i^^ and J^2,v and 





= -Ks - K,o 




= -K2 




= -e-^(Ki + K8 + Kio) 


K2,2,u 


= -e-^i^s 




= K2- Ki3 


Kl,2,u 


= -F - K^2 


-^2,1,11 




^2,2,u 


= F* - e-^Ks 




= Ki^i,^ + K, + Ki 


^l,2,v 


= ^1,2,.. + G + K13 


^2,l,v 


= K2,i,^ - e~-Kj 


^2,2,v 


= K2,2,u ~G* + e~^K, 



with 



Ki{x, k) ■■ 
Ke(x, k) ■■ 
Kio(x, k) 

t.\ — »nrRe(A-)e^-" 



Ao(A+ +mT) 
_ iIm(A_) „A_z 

A 



and 



Fix, k) 



K2{x, k) = 
Kj{x, k) = 
Kuix, k) 
Ki{x, k) = 



ike" 



Ao 

Ao(A+ +mT) 

Ao(A_ +mr) 

-nTlm(A-)e^-'^ 
Ao (A _+mT) 



GCx, A;) 



K5(x, k) = 
Ksix, k) = 
Kisix, k) 



Ao(A++inr) 
Re(A_)gA_a; 



Ao 
krire 



Ao(A_+mT) 
1 X 



Various estimates of these kernels are given in Appendix |Al Intuitively, the two kernels F and G behave 
like Poisson's kernels - 2 and - 2 , while all the other kernels behave like y derivatives or primitives 
of Ki according to the expansion of their prefactor as |A;| ^ or |A;| ^ 00. We thus need to understand 
the basic properties of e^^^ . To do so, we define 



h{a) 



l+Vl+16a^ 
2 



and note that (see also figure |3 on pagefTOt 

h{nT) - c{nT)k'^ V|A;| < 1 
h{nT) - ^ V|fc| > 1 



Re(A-) < 



c{a) 



and 



l+Vl+16a^ 
2+32a2 ) 



1 




Ao 





(1 + (nrfy^l^ 
(1 + P)-i/2 



For all practical purpose, the kernel Ki corresponding to e^-^ thus behaves like a superposition of a kernel 
of Poisson's type with a heat kernel (see also Lemma lA. 101) : 



Ki(x,y) ^ e' 



b{nT)x 



y 

e 4^ 



2x 



TT X 



TT + 4?/2 



Actually, most results of Appendix lAl can be easily derived from this analogy. In particular since 6(0) = 
and 6(r) < 0, it is easy to see that estimates on Ki will decay at most algebraically as x ^ 00, while 
the same estimates on VKi will decay exponentially faster. We also easily see that d^^Ki ~ x~'^{x)^ Ki. 



3 'Evolution' estimates 

Our next task is to prove that for each boundary data in Cj, there exist in Cu a unique solution to (11.121 )- 
(11.141 ). This will be done in the next Section using a contraction mapping argument in W. We thus have 
to show that the r.h.s. of ( I1.12I) -( I1.14I) defines a Lipschitz map in (a ball of) >V. Subsection l3.2l is devoted 
to the terms involving v, fi and w. Sub section 13. 3 1 to those involving R and S, Subsection l3.4l to the terms 
jFi . and Subsection l3.5l to the terms JF2 .. 
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3.1 Preliminaries 

In this whole section, we will encounter various convolution products like 

/oo 
dy K{x - z,y -y, nT)fn{z, y) 
-oo 

on which we will use repeatedly the following inequalities (see Subsection II .21 for the definitions of the 
norms) 

\\\yfK(x - z)f(z)h < \\\yfK(x - ^)||lHI/(^)||i + \\K(x - || |2/|^/(^)||2 , (3.1) 
\\K(x - z)f(z)l < min [\\K(x - z)\\^., \\f(z)\U , \\K(x - ^)||lp2 ||/(^)||g,) (3.2) 

\\K{x - z)f{z)\\, < min [\\K(x - z)\\^., \\fiz%, , \\dyK(x - z)\\^.2 ||X/(^)||,,) , (3.3) 

\\dy{K(x - z)f(z))\\s < min (\\K(x - z)\\^,, \\dyf(z)\\g, , \\dyK(x - z)\\lp2 \\f(z)\Q (3.4) 

where j- + j- = j- + ^ = 1 + ^. Note that (O) and ^3 follow from K(x - z)f(z) = dyK(x - z)If(z) 
and dy{K{x — z)f(z)) = {dyK(x — z))f(z) = K(x — z){dyf{z)). In particular, ( I3.2I )- (I3.4I ) give a great 
freedom for the way we will actually do the estimates. Our main concern and difficulty will be to get 
optimal decay rates as x — oo. As a rule (particularly in Subsections 13 .41 and 13 .51) . we will choose the pi 
as small as possible to cover regions where |x — 2;| is small and p2 as large as possible in regions where 
\x — z\ is large. For concision, we will often omit the arguments in the i^'s and /'s when no confusion 
is possible. For the same reason, we will use (I3.1I) - (I3.4I) without reference or even sometimes without 
explicit statement of the choice made for the parameters. 

We also note for further reference that using ||/||oo < (ll/lhilc^y/lh)^ , the interpolation inequality, 
< (y? < I and | + — ^>0, we have for some constant C that 

IK/, 0, 0)11 <C||(0,/, 0)11 <C||(0,0,/)||. (3.5) 

3.2 The 'linear' terms 

In this subsection, we will prove the following inequalities, 

\\{CuKi{x - xo)w(xo), CyKi(x - xo)w(xo), Ki(x - xq)w(xo))\\ < C||(0, 0, w)\\^q (3.6) 

WiKoix - xoMxo), Koix - xo)nixo), 0)|| < C||(z/, fi, 0)||^o , (3.7) 

which show that the || • || norm of the 'linear' terms in (I1.12I )-( I1.14I ) is controlled by ||(i/, fx, w)]]^^, provided 
u, fi and w are in the Class Cj of Definition 1 1.31 By ( 13.51) . it will be enough to prove that 

\\(0,0,K,(x-xo)w(xoM < C||(0,0,w)|U„ (3.8) 
\\{CuKi(x - xo)w(xo), (£, - l)Ki(x - xo)w{xo\ 0)|| < C||(0, 0, w)\\^, (3.9) 
\\{Ko(x - Xo)Kxo), K^{x - Xo)Ma^o), 0)|| < C\\(y, /i, 0)|U, . (3.10) 

For convenience, these three inequalities are proved in the three following Lemmas. The general idea 
of the proofs is to consider separately the regions x^ < x < 2xq and x > 2xo. In the first region, 
we will use the fact that ||i^^o(a; — a;o)||Li + — a;o)||Li is uniformly bounded (thus Kq- and Ky 

are -bounded operators for all p > 1), whereas in the region x > 2xo, we will essentially use that 

11/^0(2; — a;o)||LP + ||-^i(a; — xo)||lp decays as x — 00 as soon asp > 1. 
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Lemma 3.1 Let f = Ki(x — xo)w(xo). Assume that the parameters satisfy M.lOi . then there exist a 
constant C such that 

11(0,0, /)|| <C||(0,0,uO|Uo- 
Proof. We first note that for Xq < x < 2xq, since < C, we have 

ll/L,2,f + \\dyf\\x,oo,l + \\dyf\\x,l,l < C(lkLo,2,f + ll^y^Lo.ocf + ll^2;W|Uo,l,l) , 
while for x > 2xo, 

ll/L,2,| < i\\VK,\\,XiMi + \\dyK,\\,^,^,J\VoIwh) , 

\\dyfL,oo,l < (r5.^lL,2,|lkl|l + ||9ji^lL,2,|IIW«^l|l) , 

\\dyf\U,i,i < i\\VdyK4^,i,i\\w\\i + \\diKi\\,,i4VoIw\\i) . 
Using Lemma Ia31 that x — Xq > ^ if x > 2xo, and that {x)^e^^'^^^ < ^ < {xo)K we get 

ll/L,2,| + \\dyf L,oo,l + \\dyf\Ul,l < C({xo)'^\\wh + \\VoIw\U) . 

Next, we note that for all z G R, we can write \y\^ = \y — + L{y, z) with \L{y, z)\ < C(\z\'^ + \z\ \y — 
^1^"^), so that 

\\\y\^Vf\y_,<C{xof^-^\\yfwh + Csnp{xf^'^\V\^^^ 

^ ^ x>xo 

< C{xo)-^-^\\y\^w\\2 + C{xo)-^\\w\\i , 
\\\yfVof\\,,_,<Csnp{xf^-U\\(\yfK,)Vowh+\\\yf^^^^ 

<c(sup(x)t-§||a,(|?/|^i^i)||L2||m«^||i) +C||(0,0,^/;)|U„, 

^ x>xo ' 

where we used ||(|?/|^ii'i)Po'w^||L2 = \(dy\y\^K\)ZVQw\\2 and that since /? > |, we have 

3/3 3/3 3/3 

The proof is completed using (xo)^ HifHi < ||(0, 0, tf)||x„ (see dl.lSI l) and Lemma IX^ below. ■ 

Lemma 3.2 Le? /5 > f anJ < 7 < /5 - |. , = {||(1 + |?/|^)/||l2 < 00 and M(f) = J^f(y)dy = 0}. 
Then there exist constants Cp, Cp^^ such that for all f G Zp, 

mk^<C,\\f\\[;^\\\y\^f\\f! , 

iiiyrj/iiL.<c,,,ii/ii^;^-^iibi^/ii|^^ 

The first inequality is also valid if M.{f) 7^ 0. 
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Proof. Let /? > | and a > 0. Since || J/||l°o < the first inequality follows from Lemma IaTTI Then, 

since M.{f) = 0, we have 



Tf{y) = - I dzf{z)= l\zf{z) 



oo 



dz 



from which we deduce 

|||2/rX/(l/)||Li < 2(a||/|b + ^dy (^jliz (a + \zfr' 

poo / poo 

Setting a = || |i/|'^/||l2/||/||l2 completes the proof, since the last integral is bounded if 7 < /? — |. ■ 

Lemma 3.3 Let fu = Ki(x — xo)CuU!(xo), = — 1 and = Ki{x — xq)CvW{xq). If U.16\) holds, 
then there exist a constant C such that 

||(/«,/.,0)|| <C||(0,0,^i;)|U„. 

Proof. By Lemma Ia31 for all 1 < s < 00, we have 

||<9y/„||^^i__L_^ < C sup {xY'^''^\\dyCuw\\r+ ii\X^ {xY'^''^\\dyKi\\i^r\\CuW\\i 

xo<x<2xo x>2xo 

< C\\Cuw\\i + {xoy'^~'>\\dyCuw\\r , 



||/«|L,i--L < sup (x)2 2'^\\CuW\\s + C sup {x) '2 ^^\\Ki\\i^s\\CuW\\i 

xo<x<2xo x>2xo 

< C\\CuW\\i + {xo)^\\CuW\\oo , 



1 1 



since (xo)^-^||/||lp < + (a^o)^ for all 1 < p < 00. We then note that = j^^, in 



particular, VC^ = and Pe^^^"'^^^ < e^^^^^ for all c > 0. As in Lemma lBTTl since s — a;o > f for x > 2xq 
and 6(r) < 0, we have 

ll/.IL i^^-^ < C{xoy-^-^CM\s + C sup {xy-^-^VK,\\^s\\C,w\U , 

' ^= x>2xo 

< C{xo)'^-''\\CM\i + cixoy-'^WCMloo + {xof^-'^WCMli , 
\\dyfv\\r,-i-^-i^ < C sup {x)2~2^~'^\\dyC^w\\r + C sup {x)^^'^'^\\VdyKi\\i^r\\jC^w\\i , 

xo<x<2xo x>2xo 

< c(^{xof^'^-^\\dyC,u;\\r + (xof^-'^llCMli) ■ 

Since (x)e^^ < < (a^o)^ and^ > (p. The proof is then completed using Lemma l3.4l and l3.5l below. ■ 

Lemma 3.4 (Mikhlin-Hormander) Let m : R ^ C, and define niQ = sup^^g^ |m(A;)| + \kdkm(k)\ and 
mi = sup^jgjt \dkm(k)\. Let T denotes the {continuous) Fourier transform and M : f ^ J^^^m{-)T f . 
Then there exist constants Cp such that 



\\MfU^<C^mo^J\\f\k2\\dyf\\i^2, ||M/||lp <Cpmo||/|| 



LP 
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||M/||li <Ci(moVll/||LHl2//llL^ + v/^^ll/llL^ 
for all 1 < p < OO. 

Proof. The estimate for 1 < p < oo is a consequence of the classical Mikhlin-Hormander condition 
(see, e.g. CD), the L°° and estimates are immediate consequences of the Sobolev and Plancherel 
inequalities. ■ 

Lemma 3.5 Let = — \ and = and assume that M.l(^ holds, then 

\\C-uw\\i + {xaYnCuwWoo + {x^Y-^r-n\\dyCuw\\r < C{\\IVow\\i + \\(0 , 0, w)\U,) , 
+ {xo)^^\\Cuw\\oo + {xoy''^'''\\dyCuw\\r < C||(0,0,w)||^o , 
{xo)'^-''\\CM\i + {xoy~''\\'^vw\\oo + {xo)'^-^-H\dyCM\r < C \\{0 , 0, w)\\,, , 
(xo)^-^||£.w7||i + {xoy-'^WCMU + {xo)-^~^^~^\\dyCM\r < C7||(0,0,w)|U„ . 



—ik 



Proof. We have = —IVq + £„. Then the symbol T(/c, n) of is given by T(fc, ^ 
if n 7^ and T(A;, 0) = and it satisfies (uniformly in n G Z) the hypothesis of Lemma with 
1^0 = C'^ < C{xq)^ and mi = < C{xq). Using 9j,X/ = / and Lemma IX^ and we get that 

~ 3 1 i 3 

ll'^^u^i^lli < ((a;o)^lkl|2(a;o)^||yw||2)2 + (xo)4||w||2 
(xo)^||/3„w||oo < ((xo)^||w||2(a;o)^ 11^4/^112)^ , 

{XoY''^-'^\\dyCuW\\r < {xo)^'^''^\\dyW\\r < {xQ)\\dyW\\i + {xQ)^\\dyW\\oc , 

(xo)^||JPo«^||oo < {xo)HvM\i < C{{xo)hwUxQ)-^\\ywhY , 

{Xoy~^~''\\dyIVoW\\r < {Xoy'^'''\\w\\r < (Xo)^||w||i + (Xo)||w||oo • 



Similarly, since VCv satisfies the hypothesis of Lemma 13.41 with mo = 2^ < 2{xq)'^ < 2(xo)2 and 
mi = mo < 4(xo)^'^, we get 



{xqY '^\\C,vW\\oo< [{xq) i\\w\\2{xQ) i\\dyW\ 

(xo)^-'^||£>||i <C'((xo)^||«;||2(xo)^||yti;||2j^ +C'(xo)3||i/;||2 

{Xo)i^^r-i\\dyC^w\\r < {XQ)^^^r\\dyUj\\r < {Xo)\\dyU\\i + {Xo)^\dyUj\\oo ■ 

Since = + 1, the proof is completed using (xo)^||w||i + (a;o)||w||oo < C||(0, 0, (see also 

(1113) and {xo)^\ywh < {xo)'i\\w\\2 + (a;o)^^ || bl^t^^lb < C||(0, 0, w)||. ■ 

Lemma 3.6 Let gu(x) = Kq(x — Xo)h'(xo) and g^(x) = Kq(x — Xo)fi(xo), then if AL16\) holds, 



1I(^?«,^?.,0)|| <C||(z/,/i,0)|U, 



\\9u(x)\U + \\9.(x)\\oo < C{x)-'+^\\iiy, /i, 0)11 



XO 



for all X > 2xo. 
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Proof. We first note that ||-K'o(x)||ls < Cx^ ^ and || 9^/^0(2;) Hl" < C'x^ ^. Then let g < po < C)0 and 
P < Pi < 00, since (x — Xo)^""*^ < C(x)^"^ if x > 2xo, we get 

WQuWpqI-J- <C sup (x)2 TO ||zy||p^ + C sup (x)2 i\\lj\\q, 
'2 TO xo<x<2xo X'>2a::o 

||fl',;||pi,i__L_^ < C sup (a;)^"^"'^||/i||pi +C sup (a;)^~p~'^||/i||p 



''1 xo<a::<22:o x>2xq 

1 1 



||f^j/5'«llr,l--^-r, < sup (x)^ 2'- ''||9j^Z/||r + C sup (x)2 9 



xo<a;<2xo x>2xo 

\\dygv\\r,^-j--(^ < C" sup (x)5"^"^||9j^/u||r + C sup (x)^"p~'^||;u||p , 

'2 2'- x'o<x<2xo x>2xo 

while for x > 2xo, we have 

\\9u(x)\\oo + lk.(a:)||oo < + \\nfi\\,)) < (x)-^+^((x)^-^^||m||,) 

The proof is completed since ^>^,l<q<2 and 1 — ^<v^<|. ■ 

3.3 The 'local' terms 

From now on, we begin the estimates of the contribution of the nonlinear terms in ( I1.12I )- (I1.14I ). We first 
consider the 'local' terms first. 

Proposition 3.7 Assume that holds then for kq = min(|, ^ — r] + — ip), we have 

WiCiS - C2R, -CiR - C2S, 0)11 < Cixo^'Wiy, uj)f , 
WCSix) - C2R(x)\\oo + \\CiR{x) + C2S(x)\\^ < C{x)-^\\iy,uj)\\^ . (3.11) 

Proof. The proof follows at once from Lemma lA3l and (11.171) . ■ 

We already see at this point (see (13.1 It ) that these terms are of smaller order as x — 00 than most terms 
of the preceding section. 

3.4 The nonlinear terms I 

In this section, we prove the 

Theorem 3.8 Assume that P and Q satisfy the bounds ( li.iTI ). and that the parameters satisfy ( 17.761) . then 
there exist constants C and /ti > such that 

11(^1,.,-^!,., ^i,J|| < C(xo)-'^MI(v,c^)f . (3.12) 

This is incidentally the hardest part of the paper in that the parameters in (I3.1I) - (I3.4I) need to be chosen in 
the right way to get a bound that decays as xq 00. The proof of (13.121) is split component- wise in the 
three Propositions ending this section. During the course of these proofs, we will encounter repeatedly the 
following functions 

(x)"(x)-^2. 



A 
B 



P2, 92,82 

pi,qi,si 



(x, Xo)= /dxmini- r— , , 

pi .91 J j^^ V(x— x)Pi (x — X)P2 

r /(x)^«i(x-x)"i (£)-'?2(x - X)"2 

(x, xo) = / dx e 4 mm ( 

J xn 



(x - X)P1 (X - X)P2 



which occur naturally from (I3.1I) - (I3.4I) . For further reference, we note that these functions satisfy the 
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Lemma 3.9 Let pi < 1, s > and p2, gi, g2 G there exist a constant C such that for all x > xq > I, it 
holds 



A 



P2,lj2v 

L pi,qi 



ix,Xo) < C {{xy-'^'-P' + {xy~P^ max((x)^-''^ (a;o)^"'^')) 



(3.13) 



ifq2 7^ 1, while the same inequality holds with max((a;)^^''^, (xo)^^"^^) replaced by ln(l + x) if q2 = I. If 
furthermore we have si, S2 > and — < (xq)^, then for all m > 0, there exist a constant C such that for 
all X > Xq > 1, it holds 



B 



P2,q2,S2 



ix,Xo)<C{{x)-''Hxo) 



-gi/ \ 2(l+si-pi)(/3 



Proof. We first note that for all p > —1, there exist a constant C such that 

dx e'-'^ix -xf<C dz e^z^ < C\h{T)\-^-P < Ct-^^'+p^ < C(a;o)'('+^^^ , (3.14) 



XQ 



since |6(r)| < Ct ^ < C(xo)^'^. We then note that since x > Xq > 1, we have ^ < x < (x). We first 
consider the case of finite x, that is precisely, Xq < x < 2xo, then 



A 
B 



. pi ,91 

P2, 92,82 
Pi ,91, Si 



(x,Xo) < C{xo)-''\x - xo)^-^^ < C{xoY-P'-^^ , 

rx 

(x,Xo) < (xo)-"^ /dx e^^^(x - xY'-^' < C{xo)-^'+^^^+''-p'^'^ 



Xq 



However, in the applications of the result of this Lemma, we will generically have e.g. 1 — qi — pi < 0, 
that is, the integrals we seek to bound decay as x — oo. To get the optimal decay rate, the idea is to 
consider x > 2xo, and split the integration domain xq < x < x in two equal parts. Since x > 2xo implies 

I < (x — xo) < X and xq < x < implies | < < x — x < x — xq < x, we have 



A 



P2,92,. 
Pi ,91 



(x,Xo) < C(x) 



Xo 



' dx (x)-«2 + C{x)-''' I dx (x - xyP' 

1 X-\-Xq 

2 



The proof of (13.131) is completed using J^^^ ^ dx (x)^^^ < /j^^ dx (x)"''^ and considering separately q2 < 1, 
^2 = 1 and q2 > 1. In the same way, we have 



B 



P2,92,S2 
Pi ,91, Si 



(X, Xo) < 



+ 



(X)P2+™ 

C 



(x)9i Jf+fo 



^ b{T)ix — x) ^ _ 



which completes the proof with the help of (13.141) . ■ 

We now turn to the proof of the part of Theorem 13. 81 that involves J-'i^^i- To prepare the ground for the 
asymptotic results of Section |5l we also show that most terms in JF^ have decay rates as x ^ oo faster 
by (almost) x^^^*^ than those of cu. 
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Proposition 3.10 Assume that P and Q satisfy the bounds Al.lTl) . and that the parameters satisfy M.161 . 

(3.15) 



then there exist a constant C such that for = min(i — | — 77, | — we have 



||(0,0,^i,J|| <C(xo)-'^^'MI(v,o;)ir 
and defining J-'i^i^u){x) = — dx K2(x — x)Q{x), we have 



||-^i,Ja:)-^i,i,.(a;)|U<C(x)- 



^+'^ll(v,o^) 



- ^i,i,.(x))||2 < C(x)-t+l+^||(v,^)f . 
Proof. We write J^i^u^ix) = J^i^i^uiix) — ^i,2,uj{x) — ^i,3,lu(x), where J^i^i^uj(x) is defined above and 

^i,2,M = dx Ks(x - x)P(x) , J^i,3,M = dx Kio(x - x)P(x) . 

Jxo J Xo 

Then, from the results of Section|X|and (I3.1I) - (I3.4I) . it follows easily that 



(3.16) 



4 ' 2 

L 4,2 V 



3 /3 

(X, Xq) + (x)4~2 A 



||(0,0,^i,i,J|U. <C||(v,cu)||2(^(x)4A 

+ C||(v,^)f (^(x)t-tA 
+ C||(v,^)f ((a;)iA 

Using Lemma 1X21 and /5 > |, we get 

11(0,0, < c((xo)-^+^ + (xo)-^+«)||(v,u;)||^ . 



4 2 '2 
1-4 2 '2 



(X, Xo) 



3 

4 ' 4 ? 



(X, Xq) 

(x,Xo) + {x)A 



L i2-? 



(x,Xo) 



(3.17) 



Similarly, from the results of Lemma 1X31 it follows easily, choosing ^2 = 1 — and ^3 = 2 — 2e2 with 
£j > 0, that 



||(0,0,J-i,2,J|U.<C||(v,^)f (^(x)iA 

+ C||(v,a;)f (^(x)t-tA 
+ C\\{y,uj)r({x)-^A 
||^i,2,.(a;)||oo < C||(v,^)fA 
||-^i,2,..(x)||i<C||(v,^)fA 
^^i,2,.(a;)||2<C7||(v,^)f 



3 /3 



(x,Xo)+(x)4 2^ 

/3 



r 

4 2 ■ 

4 2 ■ 



1,0 

1 



(X, Xo) 



5 IS 



931 

^'2 '2 

l-e2,|-»? 



2,1,4 



(X, Xo) 



L 1-^1, i 

1,1,0 
l-ei,l 

- b_l3 



(x,Xo) 

(x, Xo) + {x)A 
(x,xo) < C||(v,cj)f ((x)-^+"^ + (x)-^ ln(x)) 
(x,Xo) < C||(v,cu)f ((x)-i+^^ + (x)-Mn(x)) , 



1,0 



5 /3 



(x,Xo) + A 



i-si4-f,o 

l-ei ^-^ 
J- ti,^ 2 



(X, Xo) . 
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Using Lemma IJ!9l ln(l + x) < C(x)'^ and Ei > 0, we get 

11(0,0, ^1,2, Jll < c((xo)-^+^ + (xo)-^+^^+'' + (xo)-^+^^+'')||(v,a;)||2 , 

\\\yfj'i,2,M\\2<C\\(y,uj)r{x)-'^+^+^^. 
Finally, from the results of Lemma [ATTl it follows easily that 



(3.18) 

(3.19) 
(3.20) 



1,0 



1,1,0 J 



2,1, 



||(0,0,^i,3,JlU<C||(v,o;)||2(^(x)i5 
+ C||(v,a;)f 
+ C\\{y,u;)r({x)lB 
\\J'i,3Ax)\\oo<C\\(Y,u)fB 
||^i,3,.(x)||i <C||(v,o;)||25 
fy'i,3A^)\\2<C\\(y,uj)f(B 



3^1 



1,1,0 

5 3 1 
8'2'8 



5 1 1 



(x, xq) + (a;)4~2i? 
(x, Xo) 
(x,xo) + {x)B 
(x,xo)<C||(v,a;)iP(a;)-t+'^ 
(x,Xo)<C\\(y,u;)f{x)-'+^ 



i_M 1 3 , ^ 
8 8 ' '8^ 8 
9_M 1 3 , ^ 
8 8,-^,8^8 



(X, Xq) 



5 5_/3 1 

8 ' 4 2 ' 8 

5 5_/3 1 

8 ' 4 2 ' 8 



-'7,0 



13 5 



8 ' ' 8 
5 3_ 1 
8' 2 ''8 



(x,xo) 



,1 

9_M 1 3 , £ -| 
8 8 ' ' 8"^ 8 
9_M 1 3_,_£ 



(x, Xo) + B 



5 5_i! 1 
8 ' 4 2 ' 8 

5 k — i. 1 

8'4 2 '8 



(X, Xq) 



<q|(v,o;)iP(x)-3+t+^ 
where in the last inequality, we used P >\- Using Lemma IX^ and /3 > 1, we get 

||(0,0,J-i,3,J|| <C(xo)-^+^+1|(v,a;)f . 



(3.21) 



The proof of ( 13.151) and (13.161) is completed choosing ei = ip and £2 = f in (I3.18I )- (I3.20I ). ■ 

We now turn to JF^^. For further reference, we also show that substracting some terms to jFi ^ gives 
improved decay rates compared to those of v. 



Proposition 3.11 Assume that P and Q satisfy the bounds rti.iTI ). and that the parameters satisfy M.161 . 
then there exist a constant C such that for ki 2 = min(fi:i 1, — rj + ^ — 2(p), we have 



2 ' 2 

11(0, J-M, 0)11 <C(xo)-''^'^| 



V, u; 



(3.22) 



||^i,.(x)-^i,.(x)-^i,3,.(a;)||oo < C(x)-2+'^(xo)^||(v,cu 



where T\ 3 „(x) = dx ^(x — x)Q(x) . 



Proof. We first note that we can write J?^i,^(x) = T\^^{x) + J?^i,i,^(x) + T\^2,v{x) + -Fi,3,»;(a;) with jFi 3 as 
above and 

^i,i,v{x) = dx {Kr(x — x) + Ki(x — x))P(x) , ^i,2,v(x) = dx Kis(x — x)Q(x) . (3.23) 

Jxci Jxn 
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Using (I3.5I) . we see that the contribution of Tx^^j to (13 .221) is already proved in Proposition 13.101 Then, 
from the results of Lemma I A . 81 and I A . 91 it follows easily that 

\\KM\\,.<Ce-^[l + ^)^CD,ix). 

We then have 

||(0,^i,M,0)|U <C||(v,cu)f rdx{xy-'^B,(x-x){x)-l 



xq 



+ C\\i\,uj)f dx{xy'^'pBi{x - x){xy^^^ 



2p 



XO 



PX 

+ C\\(\,uj)f dx{x)-^~^r~iBiix - x){x)-^+^r+^ , 

Jxn 



'XO 

11(0, ^1,2,., 0)|U < C\\iy,uj)f ldx{xy-^Di{x-x){x)-'+'^ 



XQ 

2 fA;^/^\'^-'P-T;n.r^ ^ 



+ C||(v, w)r dxixy-'^-pDiix - 

JXQ 

+ C\\{\,uj)f fdx{x)'^-^-^D,ix - x){x)~^^+^+^ , 

JxQ 

||^i,Ux)||oo <C||(v,cu)f [dxB,(x-x){x)-l 



J XQ 

X 

3 

1 

•J Xf, 
fX 

||^i,2,.(x)||oo <C||(v,a;)|P /dxDi(x-x)(x)-2+'^ 

J XQ 



Using Lemma IT9l we get 

11(0, ^1,1,., 0)|U + 11(0, 0)|U < C ((xo)-^+'^ + (xo)-^+''-«+''^) ||(v, uj)\W 

||^i,i,.(a;)||oo + ||-^i,2,.(x)||oo < C(a;)-t+'^(a;o)'^||(v,cu)f . 
In the same way, from the results of Lemma Ia!41 it follows easily that for all g > 1 and s> 1, we have 



1 



We then have 



\\dyG{x)\\i^2 < Cx-i , ||G(x)||l. < Cx-^+i (l + = CE,{x) . 



||-^i,3..||x.,oo,i-^ < C||(v,a;)f (x)!-'^ \dx (x)-2 + 2Ei(x - X) 

ll-^i,3,.L,p,i-^-i < C\\(yM\\xf [dx {xrl+^E,(x-x) 



\\dy:Fi,3,v\\x,r,l-±-^<C\\iy,uj)f{xy^-^-^ [dx min ((£)-i+^+«E2(x - x), 

J xn ^ 



X 4^^2r 

(x — x)^ 
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Using Lemma 1X91 and r > 2, we get 

||(0,J-i,3,.,0)|U<C(a;o)-¥||(v,a;)||2. 

The proof is completed. ■ 

We conclude this section by estimating T\^u- In the spirit of Proposition 13 .101 we will also show that 
substracting the 'right' term to T\,u improves its decay rate as a; ^ oo. 

Proposition 3.12 Assume that P and Q satisfy the bounds Al.lTll . and that the parameters satisfy M.16\ . 
then there exist a constant C such that for ki 3 = min(Ki 2, ^ — (1 + ^)v^, | — ^ + — >ve have 

IK^M, 0,0)11 < {xo)-''''-%y,u)\\\ (3.24) 

for all X > xq. Furthermore, let 



^i,2,uix) = - dx Ki2(x - x)Q(x) 



XQ 



^i,4,«(x) = [dx (iVK2(x -X)- Ki3(x - x))P{x) - VKu(x - i)Q(x) \ . (3.25) 

then for all e > 0, there exists a constant C such that 

||^i,u(x)- J-i,2,„(a;)||oo <C(x)-i+^||(v,cu)f , ||J-i,4,«(a;)||oo <C(x)-i(xo)^||(v,a;)f . 

Proof. We first note that with J^i,2,u as above, we can write J^i,m(x) = J^i^i^uk^) + ^i,2,u{x) + ^i,3,u(a;) 
with 

^i,i,u(.x) = dx {K2(x — x) — Ki^ix — x))P(x) , ^i,3,m(x) = — dx F(x — x)Q(x) . (3.26) 

Jxo Jxo 

Then we note that ||(J^i,3,«, 0, 0)|| < ||(0, ^i,3,«, 0)|| (see (13.51) ). and that JF^ 3 „ and ^^1,3,^ differ only by 
signs and the exchange of the Kernels F and G. The bound on ^^1,3,?, in the proof of Proposition 13.1 II 
being insensitive to these details then apply mutatis mutandis, in particular, we have ||JFi.3,u(x)||oo < 
C(x)-^+'^||(v,u;)p. Then, by LemmaHSl we have 



||i^i2(x)||LP < C^^^^il + ^) = CE.ix) , 

/ Ml)£ / \--— / \- 

|i^2(x)||L. + ||i^l3(x)||L. < C + ' ;T (1 + ^) ) = CH,{X) , 



X 2p X p x^p 

\\dyK2(x)\\^2 + \\dyK,,(x)\\^2 < C I ^ + 1^4^ ) = cj(x) , 

so that for all ^ [c[,oo), we have 

\\:Fi,2,uLp,i-±. <C\\(y,uj)f{xy^-^^ [dx min((5)-'+'^+4Ei(a;-x),(x)-i+^Ep„(x-x)' 

^0 Jxo ^ ^ 
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|9j,^i,2,«L,i-^_ <C7||(v,a;)f (x)^-^-^ [dx min ({xy^+^Er(x - x), 

Jxo ^ (X - X) 



||^i,i,«||po < C||(v,cu)f fdx mill ((5) ^^^'^0 Hdx - x), {x)-^Hp^,(x - x)" 

Jxo 

\\dyJ^i,i,u\\x,r,i-J,-^n ^ C\\(y,uj)f{xy-^~'^ min((£)-i+''i7,(x-x),(x)-t+^J(x-x)) . 

By Lemma l3!9l using these bounds withpo = Q andpo = oo and ln(l + a;) < C(x)'^, we get 
||(^i,2,«,0,0)|U. < c((a;o)-5+'^+ (xo)-5+«-''+^ 



IK^i.M, 0, 0)|U. < C[{x,)-^+^ + (xo)-^--+^^+-^'^j ||(v, uj 
ll^i,i,«W||oo <C^(x)-^+'^||(v,a;)f . 

We finally note that 

||^i,4,.(^)||oo < C||(v, fix (l + 4 + 

Jxo ^ a; 2 (x — a;)4^ 

<C(a;)-i(a;o)^||(v,a;)|r, 

which completes the proof. ■ 

3.5 The nonlinear terms II 

In this section, we prove the 

Theorem 3.13 Assume that P and Q satisfy the bounds Al.lTl . and that the parameters satisfy Al.Ml . 
then there exist constants C and > such that 

||(^2,«,^2,.,^2,J|| < C(xo)-"^||(v,cu)||2 . (3.27) 

For convenience, the proof is split component- wise in the next three Propositions. For further reference, 
we will also point out that most decay rates on . are in fact better than those of the related fields. 

Proposition 3.14 Assume that P and Q satisfy the bounds M.171 . and that the parameters satisfy M.16\ . 
then there exist a constant C such that for K2,i = \ — t], we have 

||(0,0,^2,J|| <C(a;o)-'^^^M|(v,^)f , ||^2,.(x)|U < C(a;)-i ||(v, 
||^2,Ux)||i < C{x)-'\\(y,uj)f , |||?/|^^2,..(x)||2 < C(a;)-t+§||(v,^)||2 , 

for all X > Xo- 

Proof. From the results of section|Xl it follows easily that there are exponents p > and g < 1 such that 

||e''-^2,l,w||l,{p,g} + II 6^^-^2,2,0; II l,{p,g} + II 6^^-^2,1,0; II 2, {p,g} + || e''-^2,2,o) || 2,{p,g} < C , 

||e'^|?/|^/S:2,l,c^||l,{p,g} + ||e^li/|^is:2,2,c^||i,{p,g} < C , 
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\x,2,l-tp) } 



while for all xo < x < x, we have 

{X)H\\P{X)\\2 + \\Qm\2) < {x)-H\\P\k2,l + WQh 
{x)H\\dyP{x)h + WdyQi^m < {xr-k\\dyPh2l^r, + \\dyQh2,l-^) , 

{x){\\dyP(x)\\l + II W)||l) < {xr-H\\dyPh^,^l_,, + \\dyQh,^,2-^) , 

{x)-^-H\\\y\^P(x)\\2 + \\\yfQ(m2) < (a:)-^(|||yrP||,_,^5_| + II |2/rQ||,,2,|-^_|) , 
{xf^-H\\P(x)\\i + IIQ(£)lli) < (^)-^(l|i^lU,i,i + IIQII.,1,1-.) ' 

since /?>§, v^<^<| and ^ — ^ + rj > 0. By (11.171) . the above quantities are all bounded by 

C(x)^''-i||(v,a7)f , while (x)i(||P(x)|U + ||g(£)||oo) + (a:)(||P(£)||i + ||Q(5)||i) < C||(v,^)||2. Easy 
estimates applied to (12.51) thus lead to 

11(0,0, J-2,J|U < C{xY-H{y,uj)f / di ^ , 

Jx yX xp 

roo x-xl~ _ \p 

||^2,Ux)||oo < C{xy-^\\(y,uj)r dx \ J , 

Jx \X X) 

e^~^{x — x)^ 



||^2,.(a:)||i<C(a;)-i(v,^)f dx 



(x — xY 



^J-2,.(a:)|h<C(a:)-i+f||(y,^)f /da^ "7-^^ T 

{x — x)'^ 



This completes the proof. ■ 

Proposition 3.15 Assume that P and Q satisfy the bounds M.17\ . and that the parameters satisfy M.16\ . 
then there exist a constant C such that for ^2,2 = niin(/t2,i, we have 



||(0,^2,.,0)|| <C(xo)-''^'^||(v,a;)f , (3.28) 
||^2,.(x)||oo < C(xo)-i+(^+^^^||(v,^)f . (3.29) 



for all X > Xq and < £ < 1. 

Proof. We first note that we can write J^2,v{x) = ^2,iu(x) + ^2,i,v(x) + J^2,2,v(x) where 

POO 

:F2,i,v(x) = - dx e-^^-'^^Krix - x)P(x) - e'^^-^'^Keix - x)Q(x) , (3.30) 

J X 

POO 

^2,2,vix) = - dx G*(S: - x)Q(x) . (3.31) 

J X 

Using (13.51) . we see again that the contribution of JF2 ^ to (13.281) is already proved in Proposition l3.14l For 
the contribution of J^2,i,v to (13.281) . we proceed as in Proposition 13.141 There are exponents p > and 
g < 1 such that 

||^6||l,{p,g} + ||^7||l,{p,</} < C , 
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while for all < a; < x, we have 



x)^-^(||P(x)||oo + ||g(5)||oo) < (x)-t-nil^ll.ooj + llQIU-,00,2- 



(x)t-i^-«(||9,P(x)||, + ||a,g(5)||,) < (x)-t(||9,P|U,,,2-^-, + ||5,Q|U,,,|_^_^) , 
since < ^ < | and < ^. By (11.171) . the above quantities are bounded by C(a;)"5||(v, i)S)\^, and we get 

||(0,.F2,i,.,0)|U < C(x)-^||(v,^)f jdi ^ , 
||^2,M(a;)||oo<C(x)-i+'^||(v,a;)f . 
Next, we note that for x < x and g > 1, we have 



4q 



i 1 if 1 

where in the last inequality, we used that r"^ < (j'Y~^{x^^ < (xq)^ . Then, for all < e < 1, after 
the change of variables x = xz, we get 



ll-^2,i,.L,,,i^^-i < C||(v,o;)||2(x)-^ / dz ^(1 + (z- , 

Ji (z — 1) P 

POO 

\\dyJ'2,i,vL r 3-^-5 < C\\(y,u;)f{x)--^ / dz - 1)-^ + (z - !)-§) . 

^ Ji 

This completes the proof. ■ 

Proposition 3.16 Assume that P and Q satisfy the bounds rti.i/D . and that the parameters satisfy M.161 . 
then there exist a constant C such that for ^2,3 = ^2,2 

||(^2,«,0,0)|| <C(xo)~''^'^||(v,cu)f , (3.32) 

||-^2,„(x)||oo < C(x)-i+(i+^)^||(v,a;)f , (3.33) 

for all X > xq and < £ < 1. 

Proof. We first note that we can write 

^2,u{x) = T2,i,u{x) + J^2,2,«(a;) , 

T2,i,u{x) = / d5 e-^''-''\K2ii - X) - K^ix - x))P(x) + e-^^-^'^K^ix - x)Q{x) , (3.34) 

J X 

POO 

-5^2,2,«(x)= / dx P*(x - x)Q(x) . (3.35) 

J X 
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We then note that 

||i^2||i,{o 1} + ll^5||l,{0,i} + ll^6||l,{0,i} < C , 

while for all xq < x < x, we have 

(x)i(||P(£)|U + l|Q(£)l|oo) < {X)'\\\PU^,I + l|Q|U,oo,2-^) , 

{x)---H\\pmp+\\Qimp < (x)-'-^(iiPiu,,,3„^ + iigii,,p,2-^_^) , 

{xy~^r-v^\\dyP^x)l + \\dyQ(x)\\r) < (a:)-^(||9,P|U,,,2_^„^+ ||9,g||,,,,s_^„^) , 

since (p < ^ < ^ and ^ — ^ + r] > 0. By (I1.17I ). the above quantities are all bounded by C{x)^^ ||(v, cj)!!^, 
thus we get 

roc 

ll(-^2,i,n, 0, 0)|U < C{xr'\\iy, Lu)f / di e^-\x - x)"^ . (3.36) 

J X 

Next, we use (13.51) and note that J-2,2,« and J^2,2,t; differ only by signs and the exchange of the Kernels F 
and G (see (13.311) and (13.351) ). The bounds on J-'2,2,v in the proof of Propo sition 13.151 being insensitive to 
these details then apply mutatis mutandis. Finally, the proof of (13.331) follows at once from (13.361) . ■ 

4 Existence and uniqueness results 

Our next task is now to prove existence and (local) uniqueness result in C„ for solutions of (11.11) . This was 
stated as '121 implies [T]" in Theorem ll.41 or, to rephrase it, that 

Theorem 4.1 Ifu and w are in the class Ci with parameters satisfying M.16\ and xq is sufficiently large, 
then there exist a (locally) unique solution to M.ll in Cu with parameters satisfying A1.16i . 

Proof. The proof follows from the contraction mapping principle. For fixed u and w in Ci, we define the 
map J" : W ^ W by 

J^(v, u) = r.h.s. of dUni) - (fLT4l) . 

By the results of Section it follows that if the parameters satisfy (II. 161 ). then for k = min(fi:o, ki, ^2), 
we have 

||^(v,a;)|| < Ci||(z/,^,w)|U„ + C2(xo)-1|(v,a;)f , 

\\J^(\l,UJi)- T{\2,UJ2)\\ < C2(Xo)~''(||(Vi - V2,C<;i -CU2)||)(||(Vi +V2,CJi +CJ2)||) • 

Let p > and < £ < |. We easily see that if ||(z/, /i, w)||a.Q < p, the map JF is a contraction in 

Bo((l + e)Cip) C >V if (xo) > {CiC2pe^^)'^ . By classical arguments, the approximating sequence 
(v„+i, c<j„+i) = JF(Vn, ujn) forn > 1 and (vi, cui) = JF(0, 0) converges to the unique solution of (11.11) in 
Boi(l + e)Cip) C W. This completes the proof. ■ 
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5 Asymptotics 

Now that we know that there exist (locally) unique solutions of (11.11) in Cu, we can turn to their asymptotic 
description. As explained in Section fL4l we will first prove the partial description of Corollary 1 1.71 and 
more precisely that 

Theorem 5.1 Let ai = {—M{XVqw) — J^^ VoQix, y) dxdy, 0, 0, 0, 0, 0) and u^^, c^ai as in (li.9D . then for 
all e > 0, solutions to rti.il ) in Cu satisfy 



\\U(X) - Ma,(x)||oo < C(Xo, ||(V,CU)||) {x)-^+^'+'^'^ , 

\\uj(x) - uj,,(x)\\^ < C(xoA\(y,oo)\\) 
\\u;(x) - u;,,{x)h < C(xo,\\(y,u;)\\) 

\\\yf'iujix)-uj,,ix))h < Cixo,\\(y,u;)\\) (x)-t+^+(i+^)'^ 
for all ^ < Po < 1 — 2(1 + e)ip and x > Xq. 

Note that here, in contrast with ( 11.31) or the statement of Corollary 11.71 we did not include the terms in 
the ?/ ~ X scale for u nor the v component, as they are of order resp. x^^^"^, which are smaller than 
the 0{x^^^^^^^^'-^) correction. These terms will appear later in Section |6l Note that we need only prove 
(15.11) for X — s> oo (we will in fact prove them for x > 2xo), as they are trivially satisfied for finite x. 
Furthermore, for x > 2xo, we can either compare, u(x) to u^^ix) or u^^ix — Xq) and uj(x) to uja^(x) or 
ujai(x — Xq), as is provcd in the 

Lemma 5.2 Let K^{x) = Kq{x) = fix) = K^{x - Xq) - K^{x) and g{x) = Kq{x - Xq) - 

Kq{x), then for all m G N, there exists a constant Cm such that 

\\d';;g{x)\U < C^(x)-"^-2(xo) , \\d^'Hg{x)\U < C™(x)-™-2^xo) 

\\yd^f{x)h<Cm{x)-'^{xo). 
for all X > 2xo > 2. 

Proof Since x — xq > f for x > 2xo, we have 

' k\x 



/OO poo 
dA;|A;ne-l'=l(^-^«)-e-l'^l^| <xo / dfel^r+^e 
-OO J — OO 

/oo poo 
dA;|A;r|e-'='("-"«^ -e-'^'"! < xq / dfcl/tp+V 
-oo J — oo 



2 



and similarly 

/oo 
dfc|A:p(™+2)g-/c^x < Cmxlx-'^' 
-oo 



-oo 
f oo 



/oo 
-oo 
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The proof is completed with the use of Lemma lATTl ■ 

For convenience, the proof of Theorem lS.ll is split in the next two subsections. The terms coming from 
w and u in (I1.12I) - (I1.14I) will be studied in the next subsection, the remainder in the second one. The basis 
of the proof of Theorem lS.ll is that the large time asymptotics of Ki{x)f is captured by"* J^{f)Ki{x) if / 
decays sufficiently fast, which is the content of the next Lemma. 

Lemma 5.3 Let 0<7<1, 0<72<2 and f satisfying \\ {y)'^f\\ i < c>o. Then for all m > 0, there exist 
a constant such that 



|9^Ki(x)(/-^(/))|U<C^,^ 



. . l + m+7 
{X) 2 

{X)i^ 2 



br/ii 



1 ) 



\\yd:;K,{x){f-M{f))h<a 



1 ) 



5 I m 
I 4""" 2 



7 3 
X2 



\y\fh 



||a-i^i(a;)(/ - A^(/))||i < Vllbl/llillll/IVIIi , 

, ,1+22. 

\K^{x)U - Mif)) - dyK,ix)Miyf)\\oo < ^72 ^^i^ \\\yV'f\\i , 



{x} 2 



\Kuix)if - Mif)) - dyKu(x)Miyf)\\oo < C,,^^^ || ly^fW 



1 ) 



where Mif) = J^fiy)dy. 
Proof. Let 



R,ix) = Kuix)if - Mif)) - dyKuix)Miyf) 
R2ix) = K^ix)if - Mif)) - dyK,ix)Miyf) 



and Rsix) = Kiix)if — Mif)). Using twice the Fourier Transform, we get 

g«fcy — 1 — iky 



\Riix)\\oo + \\R2ix)\\oo<Yl / ll^r^e^-" 

/oo 
dA; \\k 
.... . "CxD 



Ay 



m+7gA_x I 



Ay 



\ky\^^ 



\ynfniy)\ 



dy 



iyri/n(?/)i 



Jky _ ]^ 



l2/n/n(2/)| 



2\ 1/2 



||9,"^i?3(x)||2 < E ( / / 

J_ 

The proof is completed using Lemma |A21 and ||9™i?3||i < {\\d'!^R3\\2\\yd'!^Rs\\2)^ ■ ■ 
"^by abuse of notation, Ki is here considered as a function and not as a convolution operator. 
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5.1 The 'linear' terms 

In this subsection, we consider the asymptotics of 

U(x) = Ki(x — xo)CuW + Ko(x — xo)^ , W(x) = Ki(x — xo)w , (5.2) 

as a; — > oo. We first note that by Lemma l331 13.61 and I A . 5 1 we have 

\\Kiix - XoXCu + 1Vq)w + Ko{x - xo)z/||oo < Cixo, ||(z/, fx, w)\\^J , 

||W(a;)||oo < C(xo, \\(iy,fi,w)\U (x)-t+^ , 
\\VW(x)h < C(xo, , 
\\\yf°VW(x)\\2 < Cixo, \\iu,fi,w)\U (x)-t+^+^ , 



for all X > 2xo and < Po < p. This means that the first order contribution of U and W to ( 15.11) is given 
by Ui(x) = Ki(x — xo)f and Wi{x) = —dyKi(x — xo)f, where / = —IVqw. Using Lemma l531 and that 
by Lemma 1221 we have \\yf\\i < C||(0, 0, we conclude that for ai,i = {-MilVow), 0,0, 0,0,0), 
we have 



\\U(x) - u,,^,(x - xo)\\oo < C(xo,\\(y,uj)\\) {x)-'+^'+'^'' 
\\W(x)-uj,,^,{x-xo)\U<C(xo,\\{y,uj)\\) 

\\Wix)-co,,^,ix-xo)h < Cixo,\\(y,co)\\) {x)-'+^'+'^'^ 
'iW(x) - uj,,Jx - xo))h < C(xo,\\(y,uj)\\) (x)-t+^+(i 



(5.3) 



for all I < /So < 1 and x > 2xo. 

5.2 The nonlinear terms 

We now turn to the asymptotics of 

Ui(x) = Ti^u{x) + T2A^) + 1^iS{x) - C2R(x) , Wi(x) = J-i,^(x) + J^2,M ■ 
It follows from Propositions 13 .71 to 13 . 1 61 that for all ^ < Pq < P and x > Xq, we have 



\\Ui(x) - J-i,2,.(x)|U < Cixo, \\(y,u;)\\) , 
\\W,(x) - J-i,i,.(x)|U < Cixo, \\(y,uj)\\) 
\\W,(x) - J-i,i,.(a;)||i < dxo, \\(y,uj)\\) 
^%W,(x) - J-i,i,.(x))||2 < Cixo, \\iy,uj)\\) (x)-t+^+a+-)^ 



(5.4) 



where 

^i,2,u(x) = - dx Ki2{x - x)Q(x) and ^"11^(3;) = - / dx K2(x - x)Q(x) . 

Jxo JxQ 

The proof of Theorem 15. H is then an immediate consequence of the preceding section, Lemma lS!2l and the 
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Proposition 5.4 Assume that Q satisfies (li.iTI) . and define ai,2 = (— f^^ VoQix, y) dxdy, 0,0,0,0,0) and 

Di{x) = Tl,2,u{x) - Ua^^ix - Xo) , D2{X) = J^l,l,a;(a;) - UJa^-^ix - Xq) , 

then for all e > 0, there exist a constant C such that 
for all X > 2xo and ^ < Po < I — 2(1 + e)ip. 

Remark 5.5 This result is expected in view of the corresponding classical theory on the nonlinear heat 
equation (see e.g. S]]!). However in our case, we can prove that in fact ai,2 does not depend on u,v and u 
on the whole domain VLj^, but only on u and v on the boundary x = xq. Namely, since Q = —dyR + d^S, 
we have 

ai,2 = Vo [ g(x, y) dxdy = Vo [ id^S(x, y) - dyR{x, y)) dxdy = -M{VoS{xo)) . 
Jn+ Jn+ 



Proof. LetDi = —V dx Ki2(x — x)Q(x) and D2 i(x) = —V dx K2(x — x)Q(x). Using Lemma 
13.91 we have 



\\Di,i(x)\L < B 

p2,i(x)|L < B 
\\D2,iix)\\^<B 

\yfD2,i(x)\\^ < (b 



^2-^,0 J 
1 



(x,Xo)||(v,cu)f <C(x) 



(x,Xom\,u;)f <C{x)~-^' 



,1,0 
,1,0 



ix,xomy,uj)\\' <C{x) 



-'+1l(v,c.)f , 



3_l 3_ Q 

l-i. 3_ I 
4 2 '2 -I 

5 I £^ 



(X, Xq) + B 
2 



(x,Xo))\\(\,uj) 



< C{x)—^ + 2+^\\(y,iu 

Now, let Di 2(x) = —Vo C dx Ki2{x—x)Q{x)aindD2 2{x) = — Po dx K2{x—x)Q{x). Since Pq-^^ 

' J Xq ' J Xq 



0, 9,Po^i2 = -5,i^2, 5xPoi^2 = dyK^ and Po^2 = '^dyV^K^ + 9,Po^i and Poi^i2 = -V^K^ - VqKs, 
integrating by parts in x, we get 

rx px rx 

Di,2(x) = Vo (Kiix - Xo) + Ksix - xo)) dz Q(z) + dx dyK2{x - x) dz Q(z) , 

J XQ -J XO J X 

px px px 

D2,2ix) = -Vo {dyKi(x - Xo) + 2dyKs{x - xq)) I dz Q{z) - dx dyK^{x - x) dz Q(z) . 

J XQ J XO J X 

We then have 

poo poo 

<C||(v,a.)f / d^(^)-2+^<C||(v,a;)f(x)-^+^ 

J X 

< C\\{y,u)\\\x-xo)~' [dz{z)-'^+^ < C\\{Y,u;)f{x)-' , 



Ki(x- 




poo 

/ dzQ(z) 

X 


Ksix 


- Xo) 


fdzQiz) 

J xo 



xo 
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dyKiix - xo) / dzQ{z) 

J X 

dyKs{x-xo) dzQ(z) 

Jxo 

PCX) 

dyKi(x - Xo) / dzQ(z) 

J X 

PX 

dyKsix - Xo) / dz Q{z) 



<C\\(y,co)\\ 



2_{X)2_ 
X — Xo 



dz (^)"'+^ <C||(v,cu)f 



<C||(y,.;)f ^"^^ 



- dz{z)~'+-<C\\(y,u)r{x)-'^ 

(X - Xo)* Jxo 



Xo 



<C\\(y,u)r^ 

X — Xo 
2 i^)^ 



<C||(v,^)|| 



(X - Xo)* Jxo 



dz < C||(v,c^)f (a;)-^+^ 



- dz{z)-^^^<C\\iy,uj)r{xy 



where in the last six inequalities we used x > 2xo. Similarly, for x > 2xq, we have 



\yf^dyK^{x-Xo) / dzQ{z) 

J x 

\yfdyKs{x-Xo) [dzQ(z) 



xo 



<C\\(y,uj)r{x) 



< C||(v,cu)f (x)-t+f+^ 



Note that the first of these two estimates is only valid if /5o < | — 2(p. Next, for Di^s{x) = dx dyK2(x — 
x) j~ dz Q(z) and D2,3(x) = j^^ dx dyKs(x — x) dz Q(z), we have, (see Lemma 15.61 below for the 
definition of D[ ■ ]{x, Xo) and related estimates), that 



ii/^i,3(x)iL < i^y^D 

\\D2Mx)h < {x)-*D 



7 3 



(x,xo)||(v,a;)f <C||(v,cu)f(x)"l+^ 
(x,xo)||(v,a;)f <C||(v,^)|P(x)-^^ 
(x,xo)\\{y,uj)f<C\\{y,uj)f{x)-'+^. 



Along the same lines, we find |||y|^i:)2,3(a;)||2 < C||(v, cj)f(a;)-4+f+¥'.We finally define 

POO 

T(x, y) = 2(x) - VoKiix - xo) / dz Q(z) . 



xo 



Since J^^ dz Q{z) = dz Q(z) — dz Q(z), we get, using Lemma l53l and x > 2xo that 

\mx)\\^<\\Tix)\\^ + C{x)-'^my,co)r, 

POO 

<C{x)~'^ / dz\\\y\^Q{z)\\, + C{x)-^+'^\\{y,uj)\\\ 

J xo 

\\D2{x)\U < \\dyTix)\\^ + C{x)-l+my,u)\\\ 

POO 

<C(x)-i-i / dz\\\ymz)h + C{x)-l+^\\(y,Lu)\\\ 



xo 



\\D2ix)h < \\dyT(x)\\^ + C{x)-'+'^\\iy,uj)\\\ 

POO 

<C{xr'^ / dz^\\\y\Q(z)h\\\y\^Q(z)\\, + C{x)-'+^\\{y,uj)\\'' 



xo 
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\yf'D2{x)h < |||i/|*9,T(x)|l +C(x)-t+%+^||(v,a;^ii2 



2 

oo 



5 , ^ 



for any < 7 < 1 (we used |||y|'^"/||p < ^°|||y|/||p" to establish the last estimate). Then, for any 

71 < 1 and cr > i, we have 



roc roo roo 

dz\\\y\^^Qiz)\U<C dz\\(l + \y\r\yP'Q(z)h<C / dz (z)^-^ 

J Xq J XQ J XQ 

while with similar arguments we have for any 72 < 1 and 73 < 1, 

POO pOO 

/ dz./\\\y\Q(z)\my\^^Q(z)\\,<C / dz (^)^+i+f-t ||(v, 

r"00 



7 ,, ,, n 



XQ -JXO 



dz\\\y\''Q\\l-^°\\\y\Qt<C / d^ (^)^+^+"^+t-i ||(v, 



Choosing 71 = 1 - 2(1 + e)(p, 72 = 1 - 4(1 + e)(p, 73 = 1 - 2{y^)(p and a = ^ + with e > 
completes the proof. ■ 

Lemma 5.6 Let < pi,q2 < 2, andp2, qi > 0, then there exist a constant C such that 

{zy^ {z)-i^ 



D 


P2,q2 


I*x 1* 

(X, Xq) = dx U 




. pi.ai . 


J Xq J X 



{x - x)Pi ' (x - X)P2 



) < C((x)2-Pi-'?i + {x^'P^-'^^' 



for all X > 2xq > 2. 

Proof. The proof follows at once from 



D 



P2m 



x+xn 

(x,xo)< / dx dz (zy-' + C (xy^ dx{x-xf-P' 



< C((X)2-P1-''1 + (x)2-P2-92> 



see also the proof of Lemma IX^ for related results. ■ 
6 Refined asymptotics 

To complete the asymptotic description of solution of dl.ll) . we still have to prove the Corollary 1 1.81 Since 
the asymptotic description of uj is already proved in Theorem 15. 11 it only remains to prove the 

Theorem 6.1 Let if < ip^ < ^. Assume that \\ |?/|^v(xo)||4 < 00 and \\ |?/|^"'^"5z/||i + || < 00, 

and let ai = —M.{TVqw) — J^^ VoQ{x, y) dxdy, 02 = M.{Su) — J^^ VoQ(x, y) dxdy and = M.{Sii). 
Let a = (ai, 02, 03, 04, a\, aiPoa^) and u^, fa as in AL9\I . then there exist a constant such that for all 
e > 0, solutions to ALlh in Cu satisfy for all x > xq 



||u(x)-Ma(x)||oo < C(Xo,||(V,^)||) (x)-B+^« , (6.1) 

\\v(x)-v,(x)\\^ < C(xo, \\(y,uj)\\) (x)-t+^« (6.2) 
for ipo = (l + e)ip and some constant C(xo, ||(v, u!)\\). 
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Here again, we note that we need only prove the estimates on u and f for x > 2xo, and, using Lemma lS!2l 
we can choose to compare u{x) and v{x) either to u^ix) and v^ix) or to Ua(x — xq) and v^ix — xq). The 
proof of Theorem 16.11 then stands on three pillars, the partial description of Theorem 15. 11 Lemma l531 and 
its equivalent on F, G and Kq, which we now state: 

Lemma 6.2 Let < 7 < 1 and f satisfying || {y)'^f\\i < 00. Then for all m > 0, there exist a constant 
such that 



\\d^F{x){f 


--M(/))||oo 


^ CyX 


-1— m — )- 


\\y 


Vlli 


\\d';;G{x)u 


--M(/))||oo 


^ C'jX 


-1— m— 7 


\\y 


Vlli 


\\d^Koix)if 


--M(/))||oo 


^ CyX 


-1— m— 7 


\\y 


Vlli 


d^HKoixXf 


--M(/))||oo 


< C^x- 


-1— m— 7 


\\y 


Vlli 



where M(f) = f(y)dy. 

Proof. The proof follows along the same lines as that of Lemma l53l e.g. 



\\d;;F(x)(f-M(f))\u<J2 



dA; 



m+7g-|fc|z I 



dy 



\yWniy)\ . 



The other estimates are similar. ■ 

For convenience, the proof of Theorem 16.11 will now be split in the following subsections. We will first 
come back to the terms proportional to w, v and /x. Then, using the first order results on uj and n, we 
will prove (16.21) in a first round of estimates on the nonlinear terms. We will then use (16.21) to prove (16.11) 
in a second round of estimates on the nonlinear terms. In principle, this 'ping-pong' strategy could be 
systematically used to get higher order asymptotic developments. 

6.1 Back to the 'linear' terms 

In this subsection, we consider the asymptotics of 

U{x) = Ki(x — xq)CuW + Kq{x — xo)^ , V(x) = Ki(x — xq)C.oW + Kq{x — xo)fi , 
as X ^ 00. We first note that by Lemma 1X31 and U3l for all m > and x > 2xq, we have 
\\VKi{x - xo)Cuw\\oo + \\VKi(x - xo)Ct,w\\oo < C(xo, ||(v, c^)||, m)(x)"'" 
since ||Pi^'i(a;)||i decays exponentially as x ^ 00. Then we note that for x > 2xo, we have 

\\VoKiix~xo){Cu+I)w\\^ < C\\dlKiix-xo)\\oomiiCu+I)w)\U < C{x)-l\\Iw\U 



(6.3) 



Thus, as in Section I5TT1 the asymptotics of U and V are the same as those of Ui{x) = Ki(x — Xq)/ and 
Vi{x) = —dyKi(x — Xq)/, where / = —IVqW. Using Lemma l531 and that by Lemma f32\ we have 
< C(xo, ||(0,0,w)||^o) for all 7 < | - 2(1 + e)(p, we conclude that for ai = (-M(IVow), 
04^1 = —MiyTVow) and ai = (ai^i, 0, 0, 04^1, 0, 0), we have for x > 2xo that 



\Ui(x) - Mai(x - Xo)||oo < C(Xo, ||(V,t^)||) (x) 

\\Viix) - v,,(x - xo)||oo < C(xo, ||(v, uj)\\) (x)-i+<i+^^'^ . 



(6.4) 
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We then note that since jj, = Hu and z/ = — we have 



Kq(x — xo)^ = Kq(x — xo)Sh' — Kq(x — xo)7Y57Yz/ = Kq(x — xo)Sh' — HKf)(x — xo)Sfi . 
Kq{x — xq)ii = Kq(x — xq)S^ — Kq{x — xo)Ti.STi.fi = Ko(x — xo)Sfi + T-CKo(x — xo)Sh' 



Defining 02,1 
X > 2xo, 



M^Su), 03^1 = M{Sfj,) and 82 = (0, 02,1, 03^1, 0, 0, 0), we get by Lemma la!2l that for 

\\Koix - xo)u - u^.ix - xo)\\oo < Cc(u, fi) (x)-t+<i+^)'^ 
\\Koix - xo)/i - v,,ix - xo)||oo < Cciu,fx) , 



where c(z/, /x) = (\\\y\^'^^^'^'^Su\\i + 



^"^Sj^Wi). Using Lemma O and lAjni we get 



(6.5) 
(6.6) 



\\U(x) - u,,(x)\\oo < C{xo, \\(,Y,u)\\,c{u,fi)) (x)-t+(i+^)'^ , 
\\V(x) - v,,(x)\\^ < C(xo, \\(y,uj)\\,c(iy,fi)) 

for 03 = (ai,i, 02,1, 03^1, 04^1, 0, 0) and some constant C(xo, ||(v, t<;)||, c(z/, /x)). 

6.2 Nonlinear terms, first round 

To complete the proof of Theorem 16. II we now have to give the asymptotic development of 

Vlix) = J^l^vix) + J^2,vi^^ ~ CiR(x) - C2S(x) . 

We first tackle the terms U2(x) = CiS(x) — C2R{x) and f2(x) = —CiR{x) — C2S{x). Let Paix) -- 
Ua^{x)uja^{x) where ai = (ai, 0, 0, 0, 0, 0) and AS = S{x) — IPa(x). We first note that by Theorem ISTTl 



\\AS(x) 



< ll^(a;)|L + \\u(x) - u^Ax 



\u(x) + Mai (a; 



<C(a;o,||(v,a;)||)(x)~^+(^+^)^. 
Then, since VPa(x) = and V0C2 = implies £25' = £2^6', we get 

\\CiR(x)\\^ + ||/:2i?(a;)||oo < C{xo, ||(v,a;)||) {x)~^ 
\\C,ASix)\\^ + \\C2S(x)\\^ < dxo, \\iy,uj)\\) , 

while VqjCi = 1 implies 

||m2(x) - JPa(x)||oo < CiXo, \\(y,CO)\\) {x)-l^^'+'^^ 

||t^2(a;)||oo<C(a;o,||(v,a;)||)(x)-i+(i+^)^. 
It then follows from (16.71) and Propositions 13 . 1 01 to 13 . 1 61 that 

||Mi(a;) - J^i,3,«(x) - J^i,5,«(a;) - J^i,6,«(a;)||oo < C(xo, ||(v,t^)||) {x)~^ 



(6.7) 



\\Vlix) - ^1,1,.(X) - J-i,3,.(x)||oo < C(Xo, ||(V, UJ)\\) , 
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where 

^i,5,«(a;) = Ux K2(x - x)P(x) + 2TPa(x) 

J XQ 

PX 

^ifi,ui^) = - / dx Ki2ix - x)Qix) - IPaix) 



The asymptotic development of J-'i^i^tuix) is established in Proposition 15.41 above, that of J?-'i,3,u(x) and 
^i,3,vi^^ Propo sition 16.31 below, followed by that of J-'i^5,u{x) in Proposition |631 The proof of Theorem 
16. II will be completed by the study of J^i^g^u(x) in Section lOl 

Proposition 6.3 Assume that Q satisfies M.lTti . and define 84 = (0, — VoQ(x, y) dxdy, 0,0,0, 0), then 
for all £ > 0, there exist a constant C such that 

||-^i,3,«(x) - u,Sx)\\oo + ||^i,3,.(a;) - v,Sx)\\oo < C(a;)-t+(i+^)'^||(v,^)||2 

for all X > 2xq. 



Proof. The proof is very similar to the one of Proposition 15.41 We first note that {oi-2eip} + 

11^111,^0,1-2^^} < ligil 1 .3 < C\\{y,uj)f. Then, we define T{x) = £ dx F(x - x)Q{x). 

Since dxF(x) = dyG{x), after integration by parts, we have 

/"OO /"OO fX fX 

T(x) = F(x - xo) / dz Q(z) - F(x - xo) / dz Q{z) - dx dyG(x - x) dz Q(z) . 

J XQ J X J XQ J X 

Let Ti{x) = F{x — Xo) j"^ dz Q(z) and T2(x) = J^^ dx dyG(x — x) dz Q(z). Since x > 2xq, we have 

/"OO 

||Ti(x)|U<C7||(v,^)||2(x-a;o)-^ / dz z~t+^ < C||(v, (x)-t+'^ 



\\T2{x)\u<c\\{y,u)rD '^^r^;;-'; {x,x,)<c\\{y,u)r{x) 

Then, we define T3(x) = Fix — Xq) f°° dz Q{z). Since Irl < (xq)'^ < (x)"-^ and x > 2xo, (using Lemma 
I5.6l in the second inequality) 



|PT3(x)|U < C(x)-2+^||(v,a7)l|2 / dz < C{x)-^+^{y,u 



xo 



Finally, bv PropositionlOand using \\\y\^-^^^'^^Q\\i < C\\\y\^-^Q\\2 < C{z)-^-^^^-^^'^\\(u,v,uj)f, we 
have 



/"OO 

wnnix) - u,,(x - xo)iioo < c(x)^t+(i+^)^ii(v, c.)f / dz , 

Jxo 



where we used VqF = VqKq. Since < \, the proof of the estimate on ||JFi,3,u(a;) — Ua4(a;)||oo is 
completed using Lemma 15^ The proof of the estimate on 3,^(0;) — fa4(a;)||oo being very similar, we 
omit the details. ■ 

We now turn to the asymptotics of 5 „. 
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Proposition 6.4 Assume that P satisfies rti.i/T) and let P^ix) = Uai(x)LJ^j^(x) where ai = (ai, 0, 0, 0, 0, 0). 
Assume that 

\\\y\(u(xo? + v(xof)\\2<C\\iy,iu)\\\ 

Let as = — j^VQu{xQ,y)v{xo^y)Ay,a\,Q), then for all £ > 0, there exist a constant C = 

C(xo, II (v, ti;)||) such that 



|-^i,5,.(a;) - Ma3(x)|U < C(xo, ||(v,cu)||)(x)-t+^'^ 



for all X > 2xo. 



Proof. We first note that Theorem l5 . 1 1 implies that ||P — Pa||p,2-(i+e)</j-^ ^ C(xo, ||(v, ti;)||) for all 1 < 
p < oo and £ > 0, so that for p = jz^, we have 



di: K2(x - x)(P(x) - Pa(5)) < C||(v, uj) 

x+^o oo 

2 



' dx 

ZfO (X — X) 2 



<C(a:)-i+™^||(v,^)f . 

Then, we note that 

Pix) - Paix) = d^R + \dy{v{xf) - \dy{{u{x) - Ua^(x))(u(x) + Mai (a:)) 



^ X + XQ 



Now, let Ti(x) = 4 2 dx K2(x - x)diR{x) + K^ix - xo)R(xo). By (OIll and ||9,i^2||oo < \\dyKs( 



X 



3^)||oo + \\dyKio(x - x)||oo, integrating by parts, we find 

||Ti(a:)|U < C\\{y, cu)f f 1 + (xo)'^ 



while Lemmal53]and lAlI)l together with || |i/|^"^'^P(xo)||i < || |y|(M(xo)^ + m(xo)^||2 < C||(v, c<;)||2 show 
that 



\\K2(X - Xo)RiXo) + Ui,.^ix - Xo)\\oo < C\\(\,uj)f{x)' 



<reip 



Then, let Si{x) = v(x)'^ and S2ix) = (u(x) — Uai(x))(u(x) + Uaj^(x)). By Theorem ISTTl we have ||5'2(2;)||2 < 
C(x)-^+"^||(v,cu)|p and ||5i(x)||i < C(x)-^+2^||(v, cj)f . Therefore, forx > 2xo, we have 



dx dyK2(x — x)Si(x) 



XO 



< C{x)—2 



2 



dx dyK2(x — x)S2(x) 



xo 



< C(x)-i+"'^||(v,cj) 



We then define Peix) = Vq J^^^ dx {K2(x — x) — dyKdx — x))Pa(x) and we get 



\\Pe(x)\U<C\\(y,uj)r dx / dkVoe 

'xq J —oo 



A_(x-i)-%-5Y| 7,15 



'^%\k\''(x-x) + \k\^)x-^ 
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< C\\(y,co)f /dxmin (^^4^, ^ + ^l^"^ < C||(v, (x)"! . 
It remains to establish the asymptotic comportment of 

T{x) = fdx dyK^ix - x)P^{x) + 21P^{x) . 

J XO 

We first note that T{x) is conveniently computed in terms of its Fourier transform, which reads 

f (x, k) = Merf(^)e-'='^ - Merf(^)e-'='- - ^ ' ^ 



T2(x, xo, A;) + x~~2 H{ky/x) . 



For T2(x, Xo, y), we note that for x > Xq, we have 

dA;|^erf(^)|e-'='^<a? / dA; A; W < C||(v, a;)f (x)- 

-oo J — oo 



To complete the proof, we only have to prove that the inverse Fourier transform of if is — |- . To do so 
we note that H(k) satisfies 

kH'ik) + (2k^ - l)H(k) - = , dk H(k) = , dk kH{k) = , 

J —oo J —oo 



which after inverse Fourier transform leads to 



.,2 



H"{y) + lH\y) + H{y) + = , H{Q) = , H'{0) = , 

whose unique solution is H(y) = —!hJ^_ ^ 
6.3 Nonlinear terms, second round 

In view of Remark 1531 and the corresponding theory on nonlinear heat equations, (see e.g. 0), we may 
guess that the decay rates of Proposition IS .4l on J^i,2,« would be improved using higher moments of Q, i.e. 
after substraction of u^^ with ao = (Vq J^^ Q(x, y) dxdy, 0, 0, J^^ yQ(x, y) dxdy, 0, 0). This is wrong 

since the first moment yQix, y) dxdy of Q is infinite in general^. However, with the estimates obtained 
so far on f — and uj — oj^, we can show that higher moments are well defined for Q — Qa as shows the 

Lemma 6.5 Let Qa = Va^^a where Va and uJa are defined in M.% and a = (ai, 02, as, 0, 0, 0). Then for all 
e > 0, we have 

\\Q - Qa||oo,|-(l+.V + 11^ - Qa||l,2-(1+.V < ^IKv, (6.8) 
llbW - ga)|ll,|-,-2^(l+-) < C||(V,^)f 

/or aZZ i < 7 < f - 2ip{l + e). 



^except for symmetric flows where /jj yQix, y)dy = 
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Proof. The estimate (16.81) follows at once from the boundedness of \\{v — fa)||oo,^-(i+e)</3 ^i^d Theorem ISTTl 
Now let i < 7 < I - 2(^(1 + e) and define £i = 1 - ^(1 - (4 + and (3o = (1 - 51)7 + By 
hypothesis on 7, we have 761 < 1 and < /3o < 1 — 2(1 + e)'^, so that 

- Q,{x))\\i < \\v{x) - v,{x)\U\\\yyuj{x)\\i + v,{x)\U\\\yf\uj{x) - uj^{x))h 



This completes the proof since 7 > |. ■ 

We can now conclude the proof of Theorem 16 .ll bv proving the following 

Proposition 6.6 Assume that Q satisfies (17.771) . let ae = (/^^ VoQ(x, y) dxdy, 0, 0, 04,2, 0, aiPo^s), Qa ^^■^ 
/n Lemma 1(5.51 T/zen ?/zere ejicz5? 04 2 G R j'Mc/z f/zaf 

||^i,6,«(a;) - u,,{x)\U < C(xo, \\{y,uj)\\) . 
for some constant C = C(xo, ||(v, ct;)||). 
Proof. We first note that we can write 

'" V ^ ^ ■ 



where = ^""/^"^ , Sf^Cz) = b = Voa^ and c = Voa2. Now, since 1 5(0(2;) | < 1, (5a,2 satisfies 

the same estimates as Q(x) — Qa(x) (with even better decay rates). To exploit this, we define AQ(x) = 
VoiQix) - Qa(x)) + Qa,2(x) and 



X 



T3,i(x) = - dx Ku(x - x)AQ{x) , 

J X + XQ 

T3,2ix) = - 'dx (Ki2{x - x){AQ{x) - M{AQm) - dyK^^ix - x)M{yAQ{x))) ■ 

Jxo 

Using Lemma 1531 and l631 as well as x > 2xo, we get 



||T3,i(x)|U<Cx sup \\AQ(0\\oo<C{x)-^+^'+'^my,u;^\\^ 



X-\-XQ 



m,2{x)\\oo < C(x)-8+(i+^)^ / dx |||y|3-2^(i+^^AQ(5)||i 

Jxo 

POO 

< C(a;)-i+^^+^)^||(v,c^)f / dx . 

J Xo 

We then define 



x-\-xq x-\-xq 
2 f 2 



T3,3(a;) = 7^12(0; - Xo) / dx M(AQ(x)) - / dx Ki2(x - x)M(AQ{x)) , 

'Xo Jxo 
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T3a(x) = dyKi2(x - xo) / dx M(yAQ(x)) - / dx dyKu(x - x)M(yAQ(x)) 



XO 



XQ 



and note that after integration by parts, using ||i9^-ft'i2(a;)||oo < ||-^8(a;)||oo + ||-^io(a;)||oo < C{x)~2 (xq)"^ 
and Wd^^dyKMW^ < \\dyKs{x)\\^ + \\dyK,o(x)\\oo < C {x)-^ {xo)'' if x > 0, we get 



X + XQ X-\-XQ 

" 2 



||T3,3(x)|U<C||(v,a.)f(a;)-^+^ / dx dz {z)-'+''+^'^ < C\\iy,u)\\'{x)-2+^'+^^^ 

J Xq J X 

X + XQ X + XQ 

mA^)\\oo<C\\(y,uj)f{xr'+^ / dx/ d;^(^)-i+(^+^)^<C||(v,cu)f(x)-t+(2+->'^ 



Xq J X 



Kuix-xo) I dxMiAQix)) 

X+XQ 

2 



while also for x > 2xo, we have 

/■OO 

<C\\(\,uj)f{x)--^ / dx , 

dyKi2ix-xo) I dxMiyAQix)) < C||(v, c^)f dx )v 

<C\\{y,uj)r{xY' 



i+2(l+f )<p 



Now, let ai 3 = f °° dx M.{AQ{x)) and 04 3 = r°° dx M.{yAQ{x)). As is easily shown using Lemma l631 



Ci 3 and 04 3 are bounded, and using Lemma lA.l PL we have for x > 2xq 

||(Ki2(x - Xo) - K,{x - xo))ai,3||oo < C(x)-t+'^||(v,a;)f , 
\\dy{K^2{x - Xo) - K,{x - xo))a4,3||oo < C(x)-t+^||(v, ^)f . 

for some constant C possibly depending on xo- After collecting the results obtained so far, and using 

II {KAx - Xo) - i^c(x))ai,3||oo < C(x)-t+^(xo) ||(v, cu)f , 
\\dy{K,{x - Xo) - i^c(a:))a4,3||oo < C(x)-i+^(xo) ||(v, ^)f , 

we get for ay = (01,3, 0, 0, 04^3, 0, 0) that 

fX 

dx Ki2(x - x)AQ(x) - u^,(x) < C 1 1 (v, cu) 1 1 ^ (x) " I . 

Jxo °° 

In other words, since VqQ = AQ + VoQa,i, it only remains to establish the asymptotic comportment of 



T4(x) = - dx VoKi2{x - x)Qa^i{x) 

'xo 



To do so, we first define 



nix) = - fdx VoiKuix -x) + K,(x - £))Qa,i(x) 

Jxo 
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on which we get 

•J xn J — oo 



' XQ J —oo 



X 2 



<C(xo,||(v,c.)||) /"dxminf f ^ + < C||(v, . 

Jxo \{X — X) X2 X2 / 

We finally define 

Teix) = dx Kc(x - x)Qa,i{x) . 

J XO 

As in Proposition 16 .41 Tq is conveniently computed in terais of its Fourier transform, which reads 

De(x, k) = aib(ln(x) - ln(xo))«fce"^^''' + 



2 

9 _t2/-„_£0\ 9 fc I 



4v/27rxo 4V27nr 
ai6(ln(x) - ln(xo))tke " + \ ^ ^ + ^ 



4V27rxo 4v/27ra 4V27rxo 
from which we get finally 

n(x, y) = ai6(ln(xo) - \n{x))dyK,{x, y) + + 2:Pa(a;, + R{x, y) , 

with 

/oo 2 
dA; A;VV < C||(v, cu)f (a;)"! . 
-oo 

We thus have proved that 

a? 

where as = (ai,3 + 4-7=, 0, 0, 04,3 + ai6 In(xo), 0, aiPoOs). It then follows by simple comparison with the 
result of Proposition (53I that as = ae as claimed. ■ 

7 Estimates on the boundary data 

In this section, we complete the proof of Theorem II .41 which is 

Theorem 7.1 If xq is sufficiently large and there exist a unique solution to (li.iD in with parame- 
ters satisfying (17.761 ). then v and w are in the class Q with parameters satisfying ( 17.7(51 ). If furthermore 

|||y|^v(xo)||4 + |||?/|5"(i+^)'^5v(xo)||i < (:7||(v,cj)||, then for all e > 0, it holds 

+ < Ci(xo, ||(v,^)||) . (7.1) 
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Proof. The functions u and w are determined by the evaluation of (I1.12I) - (I1.14I) at a; = xq, which gives 

CuW + V = uiXo) - J^2,u{Xq) + CiS{Xq) - C2R{Xo) (1.2) 
CyW + jJ. = v(Xo) - J^2,v(^o) - CiR{Xq) - C2S{Xq) (7.3) 
W = Uj(Xo) - J^2,uji^o) ■ (V.4) 

Denote by (U, V, W) the r.h.s. of (O-dH). By Propositions 1X71 ITHl 1X131 and KTU (U, V, W) are well 
defined and ||(f/, V, < ||(v, 6^)11^.0 + C(a;o)"''||(v, u;)|p for k = mm(KQ, K2). Note that unsurprisingly 
(the stationary Navier-Stokes system is elliptic), the system (I7.2I) - (I7.4I) is overdetermined. Nevertheless, 
since we know that the solution exists, the three relations have to be satisfied. We now use this as an extra 
freedom to derive properties on u and w. We first note that using Propositions 13 .71 15 . 1 4113 . 1 5 1 and l3 . 1 61 we 
get 

\\(CuW + iy,CvW + fi,w)\\,, < ||(v,cu)|U„ + C(xo)-1|(v,a;)||2 (7.5) 
for some k > 0, since ([/, V, W) satisfies this estimate. In particular, it implies at once that 

11(0, 0, w)\U, < ||(v, uj)\U, + C(xo)'1|(v, uj)\\^. 
Then, by interpolation, we have 

(a;o)2"2^^||£„w||LP < + {xo)^\\Cuw\\lo^ 

where = IVq. Using these inequalities, — ^ < — ^ and Lemma l331 we get 

\\(CuW,C,w,0)\\,,<Ci\\(0,0,w)\\,, , 

so that from ( 17.51) . we get 

||(z/-JPoi^,/i,ti;)|U„ <(l + Ci)(||(v,^)|U„ + C(a;o)-1|(v,^)f) . (7.6) 

In particular, this implies that /i G fl L°° and dyfx G L*", which gives z/ G fl L°° using u = —Tifj, (see 
Lemma IT]2l below) . Since q > p, we get u G L^, and then (17.61) also implies that IVqw G L"^ (because 
G L"^ and v — XVqw G L^). Thus XVqw has to decay as |y| ^ 00, though maybe only in a weak sense. 
On the other hand, from the definition of X (see (11.151) ). we have \im.y^±oo1VQw{y) = ±Ai(Vow) (the 
limit exists since (1 + \yf)uj G L^ implies w G L^). This is compatible with IVqw G L^ only if M(Vow) 
vanishes. We can thus use Lemma IT2l and get that 

\\IVow\\^i < Ci{xo)^\w\\^2)'-^{{{xo)-^-^\\y\Pw\\^2)^ < C\\{0,0,w)\\^, . 
Using again Lemma 1X51 we thus get 

\\(CuW,C,w,0)\\,,<C2\\(0,0,w)\\,, , 

so that again from (17.51) . we get 

||(^^,/i,^)IUo <(l + C2)(||(v,o.)|Uo + C(xo)"1|(v,cu)f). (7.7) 

To complete the proof of the first part of Theorem ll.41 we still have to prove that (17.11) holds. This is done 
in Proposition 1231 below. ■ 
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Lemma 7.2 Let p,q > 1. There exist a constant Cp^q such that for all f satisfying (/, dyf) G L*' nL°° x L'^, 
we have (Hf, dyUf) G n x L« and < + II^JIIlO- 



Proof. Note that Tif E and 9j,7Y/ G L"^ for 1 < p,q < oo is a classical result which follows 
from Lemma (see page \T5\i. Then, if q' = > p, the L°° estimate follows from ||7-^/||l°= < 

(||7i/||g/||9j/7i/||g)5 < C(||/||q/||(9j,/||g)5. Howevcrtheg' > p restriction is not essential: using the 
Cauchy-Schwartz inequality and integration by parts, we have 



\nf(y)\ 



lim 



f(y - z) 



dz 



'\z\>s 

<C||/||LP + lim 



£^0 



He) 



<C||/||l.+ 

y+e 



lim 



f(y - z) 



dz 



£<\z\<l 



dj(z)dz 



+ 



j \n\z\dyf{y - z)dz 



< a 



LP + \\dyfh.)+\\dyfh. lim(2e)'--^\\n{6)\ . 



This completes the proof. 



Proposition 7.3 Assume that || |?/| 2 v(xo)||4 
holds 



^-a+^)vSy(xo)\\i < C\\(\,uj)\\, then for all 6 > 0, it 



^^5/i||i<C(a;o,||(v, 



UJ 



Proof. In this proof, we will use repeatedly that || < ||/||p °|| for allp > 1 and < a < 1, as 

wellas < |||?/|^-(^+i^^/||2or < || |77| f ||o. We first note that bv LemmalTSl 

and 13 .21 (using also that the symbols £„ and Cy, together with their derivatives w.r.t. the Fourier variable 
'/c' are bounded), we have 



Then we have 



2-(^+^)'^£„u-||i < |||t/|5-(i+-)'^XPo^||i + \\\y\CM\2 < C\\(y,uj) 
'^-^'+''''CM\i < \\\yM\2 < C\\{y,u)\\ . 



-^-'C^Sh< ||y(/:i-I)||2||5||i + (l + ||(£i 
<C{xomy,uj)\\'+\\\y\-Mxo)\\ 
'^-'C2Sh<\\yC2\\2\\Sh + \\C2h\\ySh 



^^v(xo)\\ 



<C{xoy\\(.y,u;)\\' 



'■u(xo)\\l+\\\y\^v(xo)\\: 



where we used \t\-^ < (xq)^. This shows that \\\y\^-'CiS\\i + \\\y\^-'C2S\\i < C(xo)l|(v, cj)f . The 
same holds for || |?/| 2~^£ii?||i and || |y| 2~^£2-R||i- We then note that 

^2,v(x) = ^2,ui{x) + T2,l,v{x) + T2,2,v{x) , T2,uix) = J^2,l,«(x) + J^2,2,u(x) ' 

see Propositions 13.151 and 13.161 or (13.301) . (13.311) and (13.341) and (13.351) for the definitions of the vari- 
ous terms appearing in this decomposition. By Proposition 13. 141 the contribution of J^2,ui is bounded by 
C||(v, tu)!!^. Then, there are exponents p > and q < 1 such that 



||^2||l,{p,<?} + ||i^5||l,{p,9} + ||^6||l,{p,<7} + ||^7||l,{p,g} < C 
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|||?/|-f^2||2,{p,g} + |||l/|A"5||2,{p,5} + |||y|-ft'6||2,{p,g} + || |l/ 1 -^'t || 2,{p,g} < C . 

Using < II I1/I/II2, this shows that the contributions of jF2i^ and is also bounded by 

C||(v, co')|p. For the contribution of J^2,2,v and J^2,2,u, we note that 



\\SG*(x - x)Q(i)\\2 < C\x-x\-^x)-^^'^\\{y,uj 
\\y{PG*ix - x)Qix))\\2 < C(|x-x|^(x)"t+'^ + (x)"t 



while 



\\ySVoG*(x-x)Q(x)\\2 < {jdk (afce-l^ll"-^l)'|Q(x, fc)| 

' f dfc e-l'^ll^-^'l |9fc(2a(Q(x, k) - Q(x, -k)) \ 



^f+^^llrv,o;)||2 



< C(|x-x|^(x)~i+'^ + {xY 

where we used that |Q(x, /c) — — fc)| < |fc|^~^|| |2/|^~'^Q(3;)||i < |fc|^~^|| ||/|Q(5)||2, so that the coeffi- 
cient of the Dirac measure appearing when differentiating a w.r.t. k in the above expression vanishes. This 
implies finally that 



\y\-2-(^+^)vSG\x - x)Q{x)\\i < \\SG\x - x)Q{x)\\^^^^^'^\\ySG*{x - x)Q{x) 

< C\x - x|^-(^+i)^(x)-i+^||(v,oj)|p 



I2 



+ G\x - a;r^(i+i)^(x)^t+ V^||(v, . (7.8) 



The same estimate holds for \\\y\'^ '•^^^^'^SF*{x — x)Q{x)\\i. Since e > 0, integrating (17.81) from x = xq 
to X = 00 completes the proof. ■ 



8 Checking the applicability to the usual exterior problem 

In this section, we prove the Proposition 1 1.51 We will use the notation r = x"^ + y"^. From HI SI Q, we 
get that any "Physically Reasonable" (PR) solution solution satisfies the estimates 

I / w ^ r<\ if r > C 

mix, y)\<C{ , 

' ' - I ^-mm(^,l-£) if 1 - COS(0) > r-l+'^ 

\v{x,y)\ < Cr^"*^ ln(r) , \dyU{x,y)\ < Cr"Mn(r)^ , \dyV(x,y)\ < Cr^^ ln(r)^ 
u(x, y) = cid^{e^Ko(r)) + C2dy{e^Ko(r)) + o{e^r~i ln(r)^j , 

dyUo{x,y) = cidyd,{e^Ko(r)) + C2dl{e^^Ko(r)) + O^e'^r'^ ln(r)2) , 

where e is arbitrarily small, a E [0, 1], tan(0) = |, ci and C2 are constants and Kq is the modified Bessel 
function of the second type of order zero. From this, we get immediately ||(v, ti;)|| < G if xq is sufficiently 
large and r > (2 min(r7, 0)^ (using also ln(x) < G{x)'^). Namely, for the estimates of the velocity fields 
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u and V, the only difficulty is to prove that i_i < C. This follows since for c" = |>^ = ^~^ and 
xo sufficiently large, we have 



\u(x,y)\ < C 



r 2 if X > Xo and \y\ < cx 

r ^ 1 if X > Xo and \y\ > cx 



which gives 

(x)xM / / r dy ^\ 2 ( Ay 



ImIL 1 1 < C 



For the estimates on the vorticity, it follows, using that l^l^e"^ < Cp for all p > and the asymptotic 
development of Kq, that for x > xo sufficiently large we have 

X r 3,.. _ o> I ^ I ^ 3 



y)| < Ce4 4r 2(|y|+ln(x) ), \dyUj{x,y)\<C{e^ 2 j . 



This shows at once that ||9j/C<j||^ | < C . Then, for all a > 0, after the change of variable y = y/2xz + z"^ 
and using again that \z\Pe~^ < Cp, we get that 

III I" II ^nf n e-H\n(xf + ^V2^)\z{2x + z)r\h 
' " ~ {x + zyy/2^T^ J 

<Cx-t+tf /dz^)'<C(x)-t+f , (8.1) 



\\dyUj\\Li < C / < Cx'^ dz-^< C{x)-^ . 

Jo v^Vx+^vSx + 2; Jo y/z 

Using the estimate (18.11) with a = and a = P achieves the proof of ||(0, 0, < C. We then note that 
for |?/| > cx > cxq with xo, we have for all g > 1 

\u(x, y)\ + \v(x, y)\ < Cr"5^^+i) , (8.2) 

from which we deduce that || |y|^M(x)||4 + || |y|^f(x)||4 < C. Finally, it follows from e.g. |7|, section X.6, 
that there exist constants m = (mi, 7712) such that for all |?/| > cx > cxq, we have 

\u(x, y) - u^(x, y)\ + \v{x, y) - Vr„(x, y)\ < Cr~^ , (8.3) 

where Mm and are defined in terms of Oseen's tensor E by 

Mm(x,y)\ ^_ (8.4) 

It then follows from (18.31) . (18.41) and the explicit form of Oseen's tensor that 

\\\y\h-i^+^)vSu{x)\\i + \\\y\^-^^+'^'^Sv{x)\\i < C , 
where (SfXy) = f(y) + f(-y). 
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Appendix A: Kernels estimates 

A.l Definitions and preliminaries 

This section is devoted to estimates of all the kernels in various L'" and Sobolev spaces of the '|/' variable. 
Note that the Kernels are most conveniently expressed in terms of their Fourier transform, and though it 
is sometimes possible to calculate explicitly the inverse Fourier transform of the kernels, we will estimate 
the norms in Fourier space as often as possible. To do so, we will use the following Lemma which relates 
the norm in direct space to the in Fourier space, and the norm with weight \y\^ for non-integer (5 
to integer ones. 



Lemma A.l Let 13 > \- There exist a constant Cp such that for all f with ||(1 + |y|^)/||L2 < oo. we have 

<-{ 



Cp\\fC''\\\yfm, 
^VII/lbllz//lb<^^Vll^'llLHI/1b' 

where f denote the (continuous) Fourier transform of f. Then, for all si e [0, 3] and S2 G [0, 2], we have 

Proof Let a > 0, then 

ll/lb < Il(a + I?/|^)/||LHI(«+I?/I^r'lb <C;3(a^||/||L2 + a*-i|z/|^/||L2) 

for some finite Cg. Setting a = || Ij/I'^/IIlVII/IIl^ completes the proof of the first inequality. The second 
one follows from Plancherel's inequality, while the last two follow trivially from Young's inequality. ■ 
We then introduce the functions 



J —oo J — 



oo 

k |2y 1 2 Re(A_)a: 
Ao I |AoP ^ 



dk 



through which most estimates on the kernels can be easily obtained, and which satisfy the 

Lemma A.2 Let IJ>> ^- Then for all (f > 0, there exist a constant such that for all 1 < < ii + jwe 
have 

Bo,^(x, nr) < -— , nr) < , B^(x, nr) < C^—r— 

X X (^xj 2 ^ 

for all X >0 and nr e R. 
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Proof. We first have 

\J\k\>l J\k\<l 

because c(nT)~^(e^^"''^^'^ < C(l + for all C > 0. Then, we note that since |]^| is uniformly bounded 
in k and nr, we trivially have B^^^{x, nr) < Cf^Bo^^{x, nr) for all fi > 0. To get the more precise 
bound of the Lemma in the case /i > |, we use that \-^\ < C and that by hypothesis on we have 
< ^1 - 1 < 2^1 - 1 < 2/i, hence 

'^■^ Viifei>i J\k\<i ; 



c 



\k\>l J\k\<_ 

,2b{nr)x I (c(nr)-lj:)?e2''<"^'^ 



< e^''^""^" + 

V c(nT)«i(l+(nr)2)7 



Since c(nr) ^ 2(1 + (nr)'^) 2 < C hy hypothesis on /i and ^1, this completes the proof of the second 
inequality if ip = 0. If ip > 0, we use c(nr)~^Ce^^''^^^ < C(l + C), so that 



B.Jx,nT) < C^— (1 + (f)2(c(nr)-i2x¥?-ie''("")2x^"')2 ) < C ^ 



.b{nT)x ^ 



For the last inequality, we first note that B^(x,nT) < C^i?o(0,r2r) (this follows again because l^^l is 
uniformly bounded). Then we have i?o(0,nr) < C, so we only have to show that B^{x,nT) decays at 
least like e^("'^^^x^2^'^ as x ^ 00, and this follows since 



B^(x, nr) < Ce^''^"")^ ( [ dk 

^ ^|fe|<i 



+ / l + fe2 



< J 

X2+^ 



|fe|<l (l+(nr)2)T^ y|fc|>l 

(c(nr)3+^(l + (nr)2)^)"^ + 



This completes the proof. ■ 

Note that in the bound on B^^^(x) in Lemma lAT2l the best decay rate as x — 00 improves as /i grows. The 
'free' parameter ^1 gives a way to limit the growth of the divergence rate as x — > 0. 

A.2 Actual estimates 

We begin this section by an easy estimate on Ci and C2' 
Lemma A.3 Let Ci = pqq^ and C2 = then 

W^l — M\l,{0,0} + II -^^2 111, {0,0} < C . 

In particular, Ci and C2 are L^ L^ bounded operators for all p G [1, 00). 

Proof. The proof follows immediately since using Fourier transform, we get that for fixed n, it holds 
||£i — 1||l2 + ||'C2||l2 < C\nT\ and ||9fc(£i — 1)||l2 + ||5fe/i2||L2 < C|nr|"^ ■ 
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Lemma A.4 For all p > 1, q > 2 and m G N, there exists a constant C > such that 

roFiip,{o,i-i} + II wL,{o,i-i} < c 

ll^r^llg,{0,l+m-f} + Il^r'^ll9,{0,l+m-i} < C 

ll^i^lli,{o,i} + II^G||,,^o,.}<C| 



r 4 



Proof. After the change of variables k = ^/x, we get 

ii(^^)^;-ii„,o,.,., <- (/i if^)^'^^^^-^f 

< / de ie|— e-— + / de lei^e-— < c , 

U\ii\<i J\^\>i J 

l|5r^ll,,{o,i+,n-i}<supsupf /deiel^e-f^) ' <C, 

for any m G N and q >2. The same holds for G. We next note that G = —iaF, so that 

dkG(x, k) = —i6(k)F(x, k) — iadkF{x, k) 
-i5{k) 



-1 inr 



— icrdkF(x, k) = —i5n,o — i(jdkF(x, k) , (A.l) 



where (5„ o = 1 if = and 5^ q = if n 7^ 0. We thus have dkVoG(x, k) ^ L^, so that we cannot use 
Lemma [ATT] to bound ||'PoG^(2;)||li- In fact, VqF and VqG can be explicitly computed, giving VoF(x, y) = 
^ ^i^y2 and VoG(x,y) = ^^p^. This shows that VoG(x,y) ^ L^, and gives an easy way to prove the 
estimate on ||'Po-^||p,{o,i-i} + ll^oCUp |o_i„ i} for p > 1 in direct space. On the other hand, (lA.ll) shows 
that \\VdkG(x)\\L2 = ||PiF(a;)||L2, and we have 

(f°° g-2|e| C^4_|_(„^2,)2(;^_|^|)2'\ \ 
/ d^ (f2,fa^^)2)2 - 

J-OO > ' J 

x>0 ^ neZ,n^O \J|5|<1 ^ ^ ' ^I£I>1 / 



c 

< 



Using Lemma IaTTI this proves the estimates on ||'P-^||i,{o,i} + II^G"!!! |o^i} and completes the proof. 
Lemma A.5 There exist a constant C > such that for all 1 < f3 < 3, it holds 

ll^illi.m + l|i^i(a:)|L,{i,i} + lll2/|^^i|l2,{-i+|,o} < c , 
||5s,^i||i,{i,i} + \\dyKi\\^^{i,2} + |||y|^9yfs:i(x)||2^^_|+£o} ^ , 
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l|5j^l|loo,{f,3} + l|5jA-l||l,{l,2}<C^ 
||i^2||l,{0,i} + ll^2||oo,{0,l} + |||l/|''^2||2,{-| + |,0} < C 
ll^?^^2||oo,{i,2} + l|5y^2||l,{i,|} < C 
ll^5|ll,{0,i}+ll^6|ll,{0,i} + ll^7|ll,{l,|}<C^ 
ll|y|^5||2,{0,i} + Il|y|^6|l2,{0,i} + Il|y|^7|l2,{l,l} < C 

b(T)x 

The same estimates hold with Kn replaced by e ~VKnfor n = 1, 2, 5, 6, 7. 



Proof. We have 19^6 



A_a; I 



< 



|fc|a:e' 



Rc(A_)a; 



|Aol 



and 



Re(A-)x ci 



X^\k\^ 

|AoP ' |AoP 


+ 


x\k\ 
AoP 


a:3|fc|4 a;2|A;|2 
|AoP ' |AoP 


+ 


x 
|Ao| 


ci 1 C2k^x \ 
|Aol ^ |AoP J 






X^\k\-^ 1 

|Ao|4 1 |AoP 


+ 


|Aol 



C2k'^i 
|Ao| ' |Ao|2 



Similarly, we have 



I L|gRe(A_)x 

\K^{x, k)\ + \K,{x, k)\ < ' ',. , , 



|9fci^5(x, A;)| + \dMx, k)\ < e'^^(^-)^(^ + 

Finally, we note that for fixed x and n, we have 

II^.TTiIIli < C {\\kK,\\l {\\K4l + \\kd,K4l)y 

lia^^i^illLi < C {\\eK^\\l {2\\kK,\\l2 + \\edkK,\\l))'^ 

< C {WdlK.Wl {2\\dyK,\\l+x'\\d'^K,\\l2))'^ , 
where here, = L^(R, dy) and = L^(R, d/c). The proof is then easily completed using Lemma IX!^ 



1 ^ b(nT)x b{T)x . , , ., 

and T^e 4 < e 4 we omit the details. 



Lemma A.6 For a// 1 < /3 < 3, ^ < .^2 < 1 ^^"^5? 1 < ^3 < |, ^/lere exz5?i' a constant C > such that 

ll^8||l,{0,6} + ll^8|l2,{o,%} + II ^"^8 II 00, {1,2} + ll'93;i^8|U,{l,3} < C 
|||?/|^i^8|l2,{„| + |,0} + III?/I^5A8|I2,{-| + |,1} + \\dyKs\\,{, ^^} < C (A.2) 

1)(t)x 

The same estimate holds with Kg replaced by e'^^VKg. 
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Proof. For any < a < 1, we have 



\K^{x,k)\<C 



Re(A_) 



Ao 



l-CT 



Re(A_)i/2 ^pR^tA-)^ 



(x|Ao|)- 



(x\Ko\r 



9^7^8(3;, A;) I < C 



Re(A_) 



Ao 

.2|H3 



1^1 



+ 



|Ao|4 |AoP + |Ao| 



Let 1 < ^3 < f , c^s = I - 7 and 



6 1 



|A^ 



+ 



+ 



|Ao| 



||i^8(a:)||^<Csup(a; 



73 = ^ — |. Since < 0-3, 73 < 1, for any fixed x, we have 
dk 



|fc|<l 



(l+(nT)2)^ 



|fc|>l 



< C sup e 

neZ 



b(nT)x 



4cr3 - 

(l+(nT)2)^ 



<3 



The bound on HfTslli.icCa} + ll-^8|l2,{o,«3} + II bl'^-^sllaj-s+i^oi completed using Lemma|AJj|X;21and 



,{-§+#,0} 



jy^b{nT)x ^ ^b(r)i: ^ bound ll^y/Tsll i,{ 1 ,1+^2}' '^^'•^ ^'^^ fixed x 

\\dyKs(x)\\^i < Csup (||A;X8(a;)||^2 {\\Ks(x)\\l + \\kdkKs(x)\\l))'^ < C {^f' • 
This completes the proof. ■ 

Lemma A.7 Let x >Q, then there exists a constant C > such that for all 1 < P < 3 we have 

b(T)x 



b{T)x 11 11 b(r)x 

Ie ^i^iolU,{o,i} + lie ~K 



10ll2,{0,|} 



b(T)x 

e ~ 



\y\^K-_ 



10||2,{| + |,-| + M| 



b(T)x „ 

+ e- — dyK 



't/-f^lOlloo,{i 2} 



3i + lie 4 /^inili /I 5i < C 



_ b(r)3: 

i 9; + e ~dyK 



10 1 (i 5l 

5 13 1 < C . 



Proo/: We have li^ioCx, A;)| < Cil^e'^'^^^-)^, and 



\dkK,o(x,k)\<cl^^ + 



\nTk\ . x\knT\ \ Re(A_): 



(nT>|Ao| 



< 



{x)\nT\ \k\e^ 



(nr> |Ao| 



\dlK,o(x,k)\<C 



Im(A_) 



Ao 



die 



A-x I 



+ 



|AoP 



+ 



|AoP 



|Ao|4 



^ pRe(A_)a' _|_ _|_ l+xA 

- ^ (nr)'^ 1^ |AoP ^ |Ao| |Ao| y • 



In particular, we have VKiq = Kiq. The proof is then completed using Lemma lA^ that < e'^*?^ 

and \nT\{nr)^^ {x)^ < 2, and that for fixed x, we have 



\\dyK,oix)y < C (||fci^io(x)||^2 (llirio(x)ll^. + \\kdkK,o(x)\\l)) 
where L^ = L\R, dy) and V = V(R, dk). m 
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Lemma A.8 Let p > 2. There exist a constant C > such that 

ll^l2|loo,{i,l} + II^12||2,{1 1} + ||5y^l2||p,{l-^,2-i} < C , 

b{T)x h{T)x h{T)x 

l|e~~^13lloo,{i,l} + ||e"~i^l3|l2,{i,i} + ||5j/e- — iri3||p,{i__L,2-i} < C , 

while there exists a constant C such that for all x >Q,we have 

||i^i2(x,nr)||Li +e-'^||iri3(x,nr)||Li <c(l + ^) . 

V \t\x^ / 

_ b{T)x 

The estimates of this Lemma also hold with K12 replaced by e ~^VKi2- 

Proof We first note that VoK^ = and VKys = K^. We then have {Kuix, k)\ + \Kn(x, k)\ < Ce'*'=(^->^ 
and 

\d,K^2ix, k)\ + \d,K,,ix, k)\ < Ce'^^(^-)^'(^ + g;) , 
with m„ = 1 if n = and m„ = -j^ if n 7^ 0. We then get e.g. 

WdkKMWl^ < sup f / dk V:!l+g^e^bCar).-2cinr).k^ ^ /"^^ rni±|V g26(nr)x- 
neZ 

. -1 1 ■ rr^~^n 1 I ^ ^ I I |. . b(nT)x h{nT)x b{T)x 

The proof is completed using Lemmas I A . 1 1 and I A . 21 that \nT\{nT)^ {x)2e^^ < 2 and Ve^^ < 
(see also the proof of Lemma lAJb . we omit the details. ■ 

Lemma A.9 Let p > 2. There exist a constant C > such that 

l|e"~^rlL,{i,i} + l|e~~^i|loo,{i,i}+ < C , 
||e-^9,K,||p^^i__L,2-i} + ||e-^9j,ir,||p^^i__L,2-i} < C , 

while there exists a constant C such that for all x > and p > 1, we have 

\mx)\\^. + mx)U. < Ce^ (;j + ^ (1 + F^s)' ) ' 
\\K.(x)h. + \mx)h. < Ce-^ + 4^ + . 

Proof We first note that VoKi = 0, VKi = Ki. We then have \Kr{x, k)\ < C|^e'^^(^-)^, \Ki{x, k)\ < 
C^^^^ < C mm , e-(-)^) and 
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This shows that 



X 



1.1. ,,1 .1 



\mx)\\,.<C sup e^min(M,Ml)^(^ + v/i' 



The proof IS completed using I nrp < C |rp if I nl > 1, |nr|(nr)~ (x)2e^^ <2maVe~^ < e~ 
(see also the proof of Lemma 1X771) . we omit the details. ■ 



Lemma A.IO Let K^x, y) = 'Po^y=. We have 

\\d^(K^ - K,)\L^^^^^^,y + \\dy(K^ - i^'c)||i,{3,f} < Cr-^r) 

for all m G N. 

Proof. We first note that Po|A- + ^^1 < Ck'^, so that 

/oo 
-oo 



5 



< Cx5o,4+m(a;/2,0) < C{x)^x- 

/oo 
dA; |A;rPe''^(^-^" < Cfio,m(a;/2, r) 
■oo 

< C(a;)^x-'"-Sup(x3(x)-2e^) < Ct-^x)"^ x^^-' , 

/oo 
dA; |A;|2™Poe^'^'^^-^11 - g-^^'+^-^^l^ 
-oo 

< Cx^Bo,8+2m(x,0) < C{X)'^X-'-^^ , 

/oo 
dfc |fc|2-pe2>^=(^-)" < Cfio,2m(a;,r) 
-oo 



z>0 



||9,(|/(Po^i(a;) - i^c(x)))||^2 < Cx^up / dfc I^I^Poe 

n.6Z J-oo 



oo 



2Re(A_)a; 



2A_ 



1 - e 



-(A;2+A_)2; 



Ao 

< C(x25o,8(a;, 0) + a;^5o,i2(a;, 0)) < , 

/oo 
dA; IfclW^'^^^-)" < Cx25o,4(x,r) 
-oo 



2 



The proof is completed using < (1|9,/||l2(||/||l2 + || W)IIl2))^ ^2(x) = dy{K^{x) + K^ix) + 

Kiq{x)) and -ft'i2(x) = Ki{x) + i^sCa;) + Kiq{x). ■ 
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